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PREFACE TO THE REVISED EDITION 

The present book is intended to introduce the junior 
students of the Indian Universities to the fundamental 
elements of the Calculus. It was written originally with 
an intention to supply a longfelt want of a suitable text- 
book for beginners of the subject. The special feature of 
the book has been the rigorous treatment of the subject 
from the very beginning. The basic ideas of ‘limit’ and 
‘continuity’ have been dealt with as clearly and precisely 
as’ practicable, considering the scope of the book. In the 
authors’ opinion, the students should know the full mean- 
ing of the processes involved. in the Calculus in addition 
to the acquisition of the proficiency in the mechanical appli- 
cation of the formulae. 


That the necessity of bringing out nine more edi- 
tions should have arisen, since the book was first publi- 
shed in 1929 may, the authors believe, be taken to mean 
that the general plan of the book has met with. the 
approbation of the class of readers for whom it was intend- 
ed. In the course of the last twentyfour years, during 
which period the book has been extensively used as a text- 
book for the Intermediate classes of the Bombay Univer- 
sity, many professores have made valuable suggestions for 
improvement. The authors are particularly thankful to 
Prin. N. M. Shah, Prof. D. P. Patravali and Prof K. R. 
Gunjikar for their useful advice. The authors have 
obtained considerable help from various books on the 
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subject. Among them may be specially mentioned 
Hardy’s | Pure Mathematics, De la Vallee Poussin’s Course 
d’Analyse, R. Courant’s Differential and Integra] 


rechnung and Osgood’s Calculus. 


BOMBAY; 
Ist July, 1953 
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THE 
ELEMENTS OF CALCULUS 


CHAPTER I 


REAL NUMBERS: FUNCTIONS 
I. Real Numbers | 


What we exactly mean by a ‘number’ is more a sub- 
ject. of Philosophy than of Mathematics. Though it is 
one of the fundamental ideas on which mathematics has 
been built up, fortunately for our purposes in this book 
we need not stop to acquire a profound knowledge of the 
philosophical concept of ‘number’. 

1:1 Rational numbers: 'The process of counting gives 
- uS Our positive integers viz., 1,2,3,......... The negative integers 
Sticly aso — 1, 2, — Syascesivas and zero are then introduced to 
generalize the process of subtraction (for, an operation like 
5 — 7 would be impossible without negative integers ). Next the 
process of division (except by zero) gives us fractional numbers 
ike 5 5 i ae brane 5 Perrrryr rye Te 

Definition: A fraction p/q where p and q are integers 
positive or negative is called a rational number. 

Note that integers are included in this definition ; for, 
they can be obtained by taking g = 1 or any factor of p. 

We also regard zero as a rational number. 

It will thus be seen that positive and negative in- 
tegers, positive and negative fractions and zero constitute 
the system or aggregate of rational numbers. 
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2. Real Variables 


In the investigation of many problems we have to dea} 
with two kinds of numbers; the first kind retains the same 
value throughout the investigation; and the second js 
capable of taking different values at different stages in the 
investigation. The former are called constants and the 
latter are called variables. 


When a variable is taken from the system of real 
numbers it is called a veal variable. 


The essential feature of a real variable is that it can be 
identified with any one of a given set of real numbers; a 
constant, on the other hand, is a flxed number. 


Notation. It is customary to denote the constants by the 
earlier letters of the alphabet, like @, D, C,.....c.secseeeeees > and 
the variables by the end letters like 4%, y, Z, 1, VU, Wy. csersecseees 


This is, however, a mere convention... We may, when 
convenient, use earlier letters like @, D, C,.....csseessees to denote 
variables; @. g., we may denote a variable area by a. 


Interval of a Variable. It is sometimes necessary to 
restrict the range of values of a variable. If, for example, a 
variable x can assume only such values as lie between 
a and b, a being less than b, then we say that the variable 
x lies in the interval from a to b, the interval being denoted by 
the symbol (a, dD). 


When the end values a and b are included in the interval 
we call it a closed interval : if they are excluded we call it 
an open interval. 


Continuous real variable. A real variable x is said to 
be continuous in a given interval (a,b) when the variabie 
is capable of taking for its value any real number contained 
in that interval, 
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on the line, say OQ, €qual in length to the 


ws diago 
square of unit side. gonal of a 


Then Q will represent ./2. 

be shown that ./2 cannot be expressed in the Naibeiree 
rational number p/q¢ (see note below ) ; so that no rational 
number can be found to correspond to the point Q. ./2 
is a simple example of what is called an Irrational 
HUMOR. nf By, ITY Bore sien oes Loans ccs are other examples 
of irrational numbers. Points on our line can be found to 
correspond these numbers. . 


We assume that for every. point on our line there 


exists @ corresponding number, either rational or 
ivrational. 


Note: We can prove that \/2 is not a rational number as follows— 
If possible let ./2—=/q where p, q ate integers having no 
common divisor. Now the square of an even number is even; 
and the square of an odd number is odd; hence p° = 2g’ shows 
that p must be even. Let p=2p/ where p’ is an integer, 


then 4p?=2g2 « g?=2p” «=. q must be even, i. @ 
p and q have a common factor 2, which is against the 
hypothesis. 


./2 cannot be a rational number. 


1-4 Def: Rational numbers and irrational numbers 
together form the system of Real numbers. 


The assumption in § 13 can now be briefly stated 
thus; A real number exists corresponding to every point on 
our line. 

3 5 
r 


eae a : , 5 by points on a line. 


2 
Ex. Represent 3° 4° 7? 
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boa 


1-2 Representation of yational numbers by points on a 
straight line: To visualise abstract ideas it is often con- 
venient to use geometrical illustrations. To represent 
rational numbers we thus take a straight line, produced 
indefinitely, in both directions, and a fixed point O on it 
called the origin. We then take a segment OA of any 
convenient length (A is generally taken to the right of O). 
We then regard the points O and A as representing the 
numbers.0 and 1 respectively. If we now take, in the 
same direction as OA, segments OB = POR, OG = 304, .. 


aes then the points B, C ......... would represent the 
positive integers 2, 3, ........s+ If further we subdivide each 
cne of the segments OA, AB, BC, ........- into g equal parts 


(a process geometrically possible, q being. a positive 
integer), and if P is a point of division such that OP 
contains p such sub-segments, then we take the point P 
to represent the positive rational number f/g. Lastly if 
we take a point P’ on the line to the left of O, such that 
OP’ is equal in length to OP, then the point P’ will 
( according to the usual convention) represent the nega- 
tive rational number — p/g. See fig. 1, (p = 18, g = 5). 


. 4 2 eo & 


, We thus notice that for every rational number theré 
exists a corresponding point on the straight line 


; 1:3. Irrational numbers: Consider now the question 
; AUC SLY + 
whether for every point on the line we can find a corres 


ponding rational Number. It can be easily seen that the 
an : - =o 
swer 1s in the negative. For example, take a segment 
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3. Function : Dependent & Independent variables 


Def. : If x and y are two variables such that y depends for 
its value on x, then y is said to be a funclion of x and x is 
said to be the argument of the function. 

The variable x, to which values can be assigned at 
pleasure, is also called the independent variable and y 
whose values depend on those of x is then called the 
dependent variable. 

Examples. 


(1) If we consider a series of triangles, all of the 
same altitude, the avea of any such triangle is a function 
of its base. : 

(2) Ifagiven quantity of gas is maintained at a con- 
stant temperature, the pressure is a function of its volume. 

(3) The resistance of the atmosphere to a rifle bullet 
is, within certain limits, a function of the velocity of the 
bullet. 


(4) Each one of the following equations defines y as 
a function of x: — 


(i) y=e (ii) y=2x?-6x?+4 
(iii) ys ios (iv) y=tan x 
(v) y=sin’x (vi) y=logiox 


Note that in (iii) y is not defined for two values of x 
viz x=1 and x= —1, as the denominator of the function 
= becomes 0 for these values of x, and division by 0 is 
excluded by the rules of algebra; similarly in (iv) y is not 
defined when x is equal to an odd: multiple of +/2. (Re- 
member that infinity is not a number, See § 5 on ‘tending 
to infinity ’ ), 7 
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Again in (vy), we know that for values of x numerically 
greater than 1 there are no real values of y; so that the 
function is only defined in the interval, (-1, +1) of x. 
Further we know that for a given value of x in this interval, 
» has more than one value. It is an example of what is called 
a many-valued function. 


(5) If A is 2 years older than B, then when B is at 
any age x years, y, the age of A, is given by 


yar! 
The age of A is thus a function of the age of B. 


(6) «x being an integer, we may define y as the largest 
prime factor.of x in this case. 


(7) Next consider the relation y’ =x. 
Taking square-roots, we have y= A/x. 


Here for negative values of x - are no real values 
for y: and for every positive value of x there are fwo 
values of y. 


(8) Consider next a function defined thus :— 


= ok for x>1 
=x’ —-1 for x>1 


Here there are two different formulae for two diffe- 
reut ranges of the independent variable; and still we say 
that y is a function of x. 


We have considered these illustrations to show that 
the definition of a function covers all such cases. We 
shall, however, mainly concern ourselves in this book with 
cases, where a definite value of y corresponds to a given 
value of x in a given interval; y in such cases is said to be 
a Single-valued function of x in that interval. 
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Def : y is called a single-valued function of the 
yariable x in the interval (a,b), when a definite value of 
y corresponds to each value of x in that interval, no matter in 
what form this correspondence is specified. 

3:1 Notation: If y is a function of x, the functional 
relation is denoted symbolically by an equation of the form 
y=f (x), or y=4¢ (x), or y=F (x) etc. 

The letters f, d, Fy........00 occurring in these equations 
are functional sinibols. f (x) does not mean the product 
of f and x. 

Different functions occurring in the same investigation 
should be denoted by different functional symbols - like 
f, For ¢. 

f (a) denotes the value of the function f (*) when x 
is replaced by a. 

Thus if f (x) = 22° —52?+4, 
then f (0) = 2(0)?-5 xX (0)? +4=4 
f(s 2x1 5x +e=] 
f2)=2x2?-5x2°+4=0 
f(-1)=2x(-13—5 x(-1)°+4= —3. 


Examples 1 


1. Give the functional relation which connects the area 
of a square with the length of its sides. 


2. If f(x) =2x°+5x+7, compute the E Tiee of 
Aninaiep ati aches | 


3. lt f (x)=22?-4x%+8, find f (¥+3). 
4. Tf f (x)= (x?—3x+2) sin (x + = ) find all the values 
of x which make f (x) = 0. 
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5. If f(x) =logex show that ; 
(i) Sf (mn) =f (m) +f (n) “A 
+s ci. = 
( ii ) a % ) St (m) -f (n) 
_ Gil) (m*) = nf (m). 
le f (x) =sin x and F (x) =cos x, show that 


oe 
(i) flat Z)ar@ 
(ii) F(x + z). —f (x) 


ci) (CF) =F(4) 
(iv) [F ()]?- [f (%) ]?=F (2). 
7. Te f (%) = 82° + 7x4 -3x7+5, show that f (—x) =f (x) 
8. If f (%) =2°—4%3+ 3x, show that f (—xz) = —f (x) 
_ If f (—x) =f (x), f (x) is said to be an even function of %. 
lif (—*) = =f (i), % ° odd . ie 
a - a 


are evel 


9. Show that cos:x, sec x, a*+a™*, 


functions of x, and that sin x, tan x, cosec x, cot # 
ae 


ata ; 
rs aie odd functions of x. 


a-a 
10. Show that (i) sin (x +27) =sin x. 
(ii ) tan (v+7) =tan x. 


If f(x+a)=f (x) where a is a constant, then f(x) 
said to be a periodic function of x with:period z. 


If f (x) =cos’x show that f (x) is periodic with period =. 
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4, Graphical representation of functions 
We consider only single-valued functions. 


Cartesian Co-ordinates : Draw two straight lines x/Ox 
Oy at right angles to each other and produced indefinitely 
in each direction ; these are called the x-axis and y-axis res- 
pectively. The point O is called the origin. 


Distances measured in the directions Ox and Oy are 
(by convention) considered positive, and those in the 
directions Ox’ and Oy’ are considered negative. 


yw 


A 


P(x, 4») 


ro ae 


x’ 


Y 
Fig. 2 


If OA=%, and OB=y: and the rectangle OAPB is 
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completed, the point P is said to represent the ordered ‘pair of 
numbers %, 1. 
x, is called the abscissa or P; 
y, is called the ordinate of P. 

u, yy are together called the co-ordinates of P, and 
are denoted as (%, 41), the abscissa being written first. 

The axes divide the plane into four parts called the 
quadrants. | 

The first quadrant is bounded by Ox, Oy; second by 
Oy, Ox’; third by Ox’, Oy’; and the fourth by Oy’, Ox. 

The signs of co-ordinates in these quadrants are (+,+4+), 
(-, +)(-, —) and(+, — ) respectively. 

To plot a point is to determine its position from the 
co-ordinates. 

The graph: Let us now consider the equation y=f (x) 
where f (x) is a single-valued function of x. 

We plot a series of points whose co-ordinates (x, 1) 
(Xa, Yo) (Hay Hg) .eaeee all satisfy the relation y =f (x). If 
we do this for a number of values of x sufficiently close 
to each other, and join the points so plotted we get 
a straight line or curve which is called the graph of the 
function f (x). | 

The graph is thus a pictorial representation, of the 
functional relation y =f (x). 


4-1. Some simple graphs. 

(1) The graph of y=x is 
the straight line bisecting the 
angle «Oy. (see fig. 3.) 


Fig. 3 
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Fig. 4. 


11 


(2) The graph of y=x is 
a parabola with its vertex at 
O and axis along Oy. The 
curve is symmetrical about 
the y-axis. This symmetry 
is due to the fact that y is 
an even function of x; so 
that if P (a, b) is a point on 
the graph, then P’ (a, b) 


which is its image in the y-axis is also a point on the 


gaph. (See fig.4.) 


The graphs of all functions y=4%" where » is an even 


integer are symmetrical about 
the y-axis. 

(3) The graph of y=x° 
touches and crosses the x-axis 
at the origin O, bending away 
in opposite directions from the 
x-axis on the opposite sides of O.. 

(See fig. 5.) 

It will be seen later that such 
a point as O is called a point of 
inflexton on the curve. 

The graphs of all functions 
y=a" where mn is an _ odd 
positive integer (>1) possess a 
point of inflexion at O. 

(4) Next consider the simple 


rational function y= £ When 


| ‘wae , 
x Is small, oe is numerically 


large's‘and as x becomes,smaller and 
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sinaller numerically, y becomes larger and larger numerically, 
Hence as a approaches zero from either side, the point 
P (x,y) on the graph moves further and further away 
from the saxis on either side, while approaching very 
close to the y-axis. In this case the graph is said to 
approach the ends of the y-axis asymptotically, the y-axis 
being an asymptote of the graph. It will be also seen 
similarly that the x-axis is another asymptote of the 
graph. (See fig. 6) : 


(5) The graph of y= = is symmetrical about the 


1 axis of y. Both the co-ordinate 
axes are asymptotes of the graph. 
(see fig. 7) 


We may next consider some 
trigonometric functions. We assume 
that the definitions of sin %, cos 4, 
tan x etc., and their simple proper- 
ties are known to the reader. We 
only note here that x is generally 
expressed in circular measure. 
The radian, which is the unit of 
circular measure, is the angle subtended at the centre of a 
circle by an arc of that circle whose curvilinear length is 


Fig. 7 


equal to its radius. The radian = = of a right angle. 
Tv 


In tracing the graphs of y=sinx and y=cos x, the 
ab:cissaé are the values of the angle measured in radians, 
and the ordinates are the values of the functions. It will 
be seen that the curves repeat themselves after a certai 
period viz. 2 x, for, 

sin (x+2-2 +) =sin x 


and cos (x-+-2 zr) =cos x ' for any integral value of 4, 
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he functions are thus periodic functions. 


The 
4phs of y = sin x and y = cos x are shown in the fig. 8. 
gt 


Fig. 8 


4:2 Polar coordinates; A point P ina plane can also 
be represented by r, 9 where v = OP and @ is the angle 
that OP makes with a fixed line OA, called the initial line 
(7,6) are called the polar co-ordinates of the point P. 


(See fig. 9. ) 


p(y,e) 


Fig. 9. Fig. 9a 


If the x-axis is taken along the initial line, it will be 
‘en that the cartesian co-ordinates (x, y) are connected 
“ith the polar co-ordinates (r, 9) by the relations : 

x = rcos @ y = rsin 8, 
(See fig. 9a), 
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Any equation of the type r= f (0) or 0 = F (+) of 
f(r,0) = 0 represents the locus of point P and is called the 
polar equation of the locus. Thus : 


(i) rcos(0-a) = p 
represents a_ straight 
line.’ 

( See fig. 10), 


Fig. 10. 


(ii) 7 = 2acos0 
represents a_ circle 

O A of radius a. 
( See fig. 11). 


Fig. 11. 


(iii) “ =1+ecos0 


represents a conic. 
(See fig. 12). 


Fig. 12. 
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Examples II 


praw the graphs of the following — 


en 2x—3 
a Jet] °2, y= 738, 
1 y= Vatl aero 
3, y=tan'x. 4. y= sec 4, 


See Go we 
gna @-l). 6 y= Tea 


SI 


7. Draw the graphs of y= — : 5 and y=2a° with 
the same axes of co-ordinates. Mark the point of 
intersection, ahd show that the abscissa of this 
point is the root of the cubic equation, 

2x" (n—2).= 1. 
8. As ‘in ex. (7) obtain the value of x, lying between 


7 and =e which satisfies the equation 


x = tan %. 
9, Draw the graph of r= a (1+cos9), 
10. Draw the graph‘of 7’ =a’ cos 28. 


CHAPTER Ul 
LIMITS AND CONTINUITY 
5. Generai Idea of a Limit 


Sequence. A set of numbers written in some definite 
order, correspoding to the order of natural numbers 
eee is called a sequence. 

In general a sequence may be written ih the form 

( Gis Gay Ge seuss Ok i cwaes ) or ( Qn ) 
The following are examples of sequences: — 


i ‘1 i I . = 
(1) 1 9 ? = A ? > here @y 
i Ww. 2 
(2) 1, cS pe 93 2 Se amenease ; here ay; = pn} 
1 @. €: AS. x, 1. 
(3) D) 3 4 ? 8 3 16 2 pee neecen ’ here Qs; 1 hi 


In general the wth term of a sequence is a number 
depending upon the integer 7: that is to say a, is a func- 
tion of 2 and may be denoted by f (zz) where » is a positive 
integer. 


A sequence is said to be indefinitely continued or un- 
ending or infinite if every term in the sequence is followed 
by another. 


The statement ° n tends to infinity’ : Suppose n assumed 
successively the values 1, 2, 3,. ..” getting larger and 
larger without any limit to the extent of its increase. How- 
ever large a number we may think of e. g. 4199032843952 a 
time will come When the variable 7 has become larger than 
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tis number. To express this unendin 


mee & growth 
phrase * 72 tends to infinity, Oa wert 


he and write this symbolically as 


yo 


We must clearly realise that there does not exist such a 
qumber as infinity. 


Absolute value: We denote the difference between two 
sumbers a and 6 taken positively by | @-5|. It is called the 
absolute value of the difference, and is equal to a-b or b—a 
whichever is positive |a@-—5| is read as ‘mod. a minus 0.’ 
Thus : : 


13] = |3-0| =3-0=3;| -3].= |0-3| =3-0=3. 
I5-4| =5-4=1;|/8-15|/=15-8=7. 


| Examples: (1) Prove that if @ and 6 are real numbers 
Gi) |atbl<lal+|dl 
(ii) la-6b|<a| + 1d 
but [a—bl>lal ald 
also la—b|>Ial — |d| 
Gii) |ab| =|al x iol 


is a) _ ial provided b+ 0. 


b 


(2) Prove that the two relations |z-a|<8 
and a -3<*<at 5 are exactly equl- 


valent. 
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sik Examples leading up to the idea of a limit - W 


now proceed to introduce the reader to the idea of a 
Consider the following examples :— 


(1) Suppose a regular polygon of 1 sides is inscr 


limit. 


ibed 
in a given circle. Let the area of this polygon 


be denoted by f(m). As m increases, f (2) also 
increases; but however large 2 may be fin) is 
less than the area of the circle. By taking » suf. 
ficiently large we can make the difference bet: 
ween f (7) and the area of the circle numerically 
smaller than any given number however small. 
This fact is expressed by saying that the ‘ Limi 
of the area of the inscribed regular polygon of » 


Sides as m tends to infinity, is the area of the 
circle. ; 


term of the sequence f (m) = <. Now as 2 ‘n- 
creases, . decreases. By taking x sufficiently 


large we can make * as Small as we please, or 
more precisely, given any positive number «, 
however small, we can make “< ¢ by taking MN 
greater than or equal to a certain number No 

For example if ¢ = 


1 e 
7020 we can take m) = 1020 + J and then 


nap ifn > 10% + 1, 


Here we say that m7 tends to limit 0, as 22> ©. 
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Note that the function  (n) never 
comes Zero. The ‘limit’ need not b actually be- 
of the function for any value of : € the ‘value’ 


Take next f (7) to be the sum of ” terms of 
S of a 


geometrical progression A 1 
I+ 2 HF oF aaa 4 =o 
l 2 
=? Ss es 1 
Here f (n) ( 1 af ) 9 i 
so that |f(m)-2} =|--L|_ 1. 
| ant n=l 


1 ‘ . 
Now orai can be made smaller than any given 


positive number ¢ by taking x greater than or 
equal to a certain number u,. 


: 1 
eg ife = ai00) We may take m, = 1002, so that 


1 1 Sear. 
oa < 51000 for all values of n > n,. 


i, e. |f (w)-2]| can be made smaller than any posi- 
tive number ¢, however small, by taking n > m. 
We express this fact by saying that f(z) tends to 
the limit 2asn > ©. 


Let f (n) = —"— 


= n . ‘ee = Bygone is, aoe 
AO aeerarer Bea f(m)=1 n+l nti 


1 
Now, as in (2) we can show that ati can be 


made smaller than any given ¢ by taking ” large 
enough, i. e. | f(m) — 1 | can be made Jess than « 
by taking nm sufficiently large, 1.0. f (2) tends to 
limit 1 asa —> o, 
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(6) s(n) vat lve 
we have f ae = Jnt1l- vn a 
(ntl = Jn) (Vn+1+ Jn) 
- (Jntl+ Vn) 
i, cannreiin 
7 Pree Jn 
i 
<a Vn 


Now 5 can be made smaller than any given «e by 
taking ~ sufficiently large ; 


ee sabe, oll 
for example, if & = 00 and if elt 6 then we must have 
1010 


2Jn> tio dn> | orn> n> 
& 4e 47 
4, a x 108. 


thens——— >e for all nm S 25 x 10841; and as 


me: sy 


f(n) >a - we have f(n) <« a all values of m > 25 x 10®°+ 1. 


i.ef (xn) tends to limit 0 as 7 > 0, 


From these illustrations the reader‘ will have realised 
that whenever it is possible to make f (m) differ froma 
number / by as. little as we please by taking x greater 


than or equal to some number 7, we say that f () has the 
limitlasn > ©, 


We can express this more formally as follows:— 


ho Def: Let € be any previously given positive number 
: ig Small ; if corresponding to e, we can find a 
uMDer Ne, Such that f (wz) can be made to differ from / 


LIMITS ANDgCONTINUITY 
2] 
y less than s by taking 2 greater than or equ 


; : Pon. eee al to 
ay that f (a) tends to limit Jas 2 > 0. No, We 


Using the notation for absolute y 


alues on ne 
iis briefly as follows :— ; we may express 


» if 


Def : Given a positive number e, however small 
wecan find ny such that | f (n) - 1 l<ewhenn pn 

5 - 0 
then we say that f (n ) tends to the limit Las n > o 


Notation: The statement “f () tends to the limit 
Jas 2 tends to infinity’ is written as 


f(n)> Las n> 0 
or lim f (#).=. 2. 


n>OC 


Examples : Prove the following —_ 


(1) ot BI = 1. MAT) Him, Zt = oF? 
> & 


nso —1 


: : $ a i 
(5) tint 0. (g tim | eal 


POR a aie 


S. { =f)” 
(Dy lim {1 pO} = 1. (8) tim |? ot = 0. 
, % nN n 


> 00 n> OO 


Pe S ye 1 
(3 ) Aim ae Lite 0. M1) lim <-y"-7_ ayn = 0) 
F n> ot (1) 


\ 
(9) Examine [ 1 + (- 1)*] asm > © and show that it 
lees not tend to a definite limit. 


(10) show that as 2 > ©, 


gi > 0 ifa> 1, 
a> ifa@=l1 
a" > 0 if | a| <1. 


t" 
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6. Limit of a function of a continuous variable 


We considered in the last article only functions of 


positive integral variable 2. In this article we Considg 


functions of a continuous variable x. 


t 


Let f (#) be a function of a continuous variable x, ang 
1a fixed number. If we can make the difference betweey 
f (x) and J as small as we like by taking x sufficiently 
near to a we say that f (x) tends to the limit / as x tends 


to a. 


Or more formally, | 

Def : Given a positive number <, however small, if 
we can find a number 5 such that | f (x) —1 |< forall 
values of x other than:x =a satisfying the condition 
|x -a|<3, we say that f (x) tends to a limit I as x 
tends to a and write; me 
lim f(x) =1. 

X—>ad 

The student should learn to distinguish clearly ‘the 
limit of f (x) as x >a’ from f (a), which is ‘ the value of 
f (x) when x = a’.. The statement, lim f (x) = refers to 
values of f (x) when x has any value distinct from 4 
though differing by little from a@; it says nothing about 
what happens when x is actually equal to ag. Thus the 
existence of the limit of f (x) as x >a does not depend 


upon the existence of f (a). Thus, any of the following 
things may happen :— 


(1) f(a) exists and lim f (x) coincides with f (a) ; 


(2) f(a) exists but is not the same as lim f (x) ; 
x>a 
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(3) f(a) does not exist, but lim £ (x) exists 
x—>a 


Ae illustrations of these, consider the following €Xamples - 
Ex. (1) f @=«ta. 
Here f (a)=a+a=2a. 


To obtain the limit of f (x) as xa, consider 
f (x) —2a=(* + a)—2a=x-a 
| f(x)-2a |=|x-a}. 
Given ¢ we can find a 9 such that 
| f (*)—2a@ | <e when | x-a| <5; 
for, we have simply to take § =s and then 


| f (x) -2a | = | x-—a@ | <e when | x-a| <e. 
lim f (x) = 2a. 
x >a 


Here we note that lim f (x)=f(@) so that this, illustrates (1) above. 

x Sa 
In fact in a large number of cases the statementin (1) holds good 
‘ [See § 8] 


Examples of (2) above we shall consider later. [ See ex. (2) § 8] 


To illustrate the statement in (3) consider:— 


Ex. (2). f()=* 2%. 
x—G 
Here a eal 9 which is meaningless. 
f(a) a-a 0 
Thus f (a) does not ‘exist. 


have 
Consider, however, the limit of f (x) when *>% WE 


ftom algebra , 
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AO = (xt+a) (x4) _ sO 7 ae 
if xa, then f (x)= y—a— Go oe (A) 
: imi a@ we exclude the ya] 
‘dering the limit of f(*) as *—~> alue 
es) ewe ee only values of % near to a; hence (A) holds fo 
all the values of x under consideration. 
lim f (x)=lim («+ 4) 
Xx>a x—> P 
— 2a by ex. (1) above, 
Thus we see that lim f(x) may exist even when f (a) does: not 
x —> a. 


— 


exist. 

It should be ‘noted that if a certain mathematical process fails 
when x= 4a, but is valid for values of x near to a, then that process 
wae while taking limits as ¥ > a. 


6-1 As another illustration of the idea of a limit 


consider the definition of a 
tangent in geometry. If Pis 
‘a fixed point On a certain 
curve and Q ‘is a variable 
point: on the curve adjacent 
to P -we draw the secant 
PQ. If ‘the secant has a 
limiting position PT as Q 
Fig 13 approaches along the curve 
indefinitely close to P we 


define PT as the tangent to the curve at point P. 
(See fig. 13) 


In this definition it is essential that the point Q should 
remain distinct from P, however near it may be to P; for 
a definite direction PQ can be determined only so long 4 
Q is distinct from P. If Q coincides with P no direction 


would be determined; for a single point is not sufficient 
to determine a direction. 


am - a 
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iin ple: Point out the flaw in the following argument :— 
at poe, then x’=ax 

‘ w-a=ax—@ te. (x-+a) (x—a)=a (x—a) 

 x--a=a on dividing both sides by (x—a) 
 ata=a “ as i=a 
4 2a =a 

, 9° ssl 


q. Fundamental Theorems on limits 


Theorem (1) - The limit of the sum of a finite number 
of functions is equal to the sum of the limits of the func- 


tions. | 
Theorem (2)e The limit of the product of a. finite 
number of functions is equal to the product of the limits 
of the functions. 

Theorem (3): The limit of the quotient of two 
functions is equal to the quotient of the limits of these 
functions, provided the limit of the divisor is not zero." 


Proofs : ) | —_ 


Let w and v be two ‘functions of the variable x and 


let lim w = Jand lim» = ™. 
ta x—>a 


| 


We may write | 
uw=lth and v = m + hn 
Where h,>0 an 
) Now ut o = (14th) + (m+n) 
= (1+ m) + (ht he) 


“| (ato) -(1+m) | 
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Now as 2; 20 as xa, given any &1 we Can find 3, such 
that | my | <e1 when | x - a] <4. 
Similarly given ¢2, we Can find 6, such that 
| hy | < es) when | oom 63 | < do. 
€ 
If now we take 6, ¢2 to be each equal to oy and 3 


the smaller of the two numbers 6, and 8: we have 


| | <pand | a | <j when | x-a | <8 


2 
. Given e, we can find 5 such that 
\(ut+v) — tm) |<|m | + | he | <e when! x- a| <b 
1. C. liim(w+tv)=l+m 
xa 


x 


= liimzu-+t lim v 
x >a bed 


We can easily extend the result to ‘the sum of a finite 
number of functions as :— 


n 
lim bs Ur = > 


x30 r=) 


Whee 21, Ue ..escecee Un are functions of x. 


We can also show similarly that 


lim (u4—v) = lim u — lim v. 
z—>a xX>Aa x—>a 


When no ambi 
ais is likely to o rite 
ae ke as simply lim x q a 
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(2) uv = (1+ hy)(m + he) 
=lm+ mh +lhe+ hyhy 
{ uv — Lm | = | my + Uy hyhe | 


< | 
See NAL sl bale pte 
Now, as 190 and as h,>9 as %~>a, we can, fo : 
¢, find a 6 such that a 
jm | Tm l+ 12] lhe] + [mi |-| hol <ewhen|x-ales 
and hence uv -lm|<e when | x—g|<3 


i. @. lim (uv) =lm- 
= (lim u) (lim v). 


~ 


The result can be extended to the product of a finite 
number of functions. ” 


Note :—A formal proof of the statement that for a given & we can 
find § such that , 


|m| [alt ll| [ae] +l al | fg | <e when | s—a| <d 
can be given as follows (for the case when neither I nor m is zero) :— 


1 
46 
Taking y= ol , we can find 5, such that 


| 
| ty | <e when | x-@| <b1 , 


i 
Taking ¢)— va , we can find 52 such that 


lho| | “eq wnen | *—-@ | <8 
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If now 0 is the smaller of the two numbers 6) and 9, we have 


when | x-a@ | <0. 
ze 
ife 31 | | ml, 


The cases when / or m or both are zero can be considered indepen. 


dently. 


(3) Next, assuming that m0, we have 


uw _ ith 
Vv m+ he 
with 1 _ marly 
vm mths m m(m-+ hy) 
uw 3 - my — hs 
jv om |m(m+hy)| 


Now as m0 and 4-0 and f2>0 as xa we can make 
the right hand side less than a given ¢ by taking % 


sufficiently near to a. 


i. ¢é. lim Gc ) = a =e . provided lim v0 


In particular lim ( =) = : : 
v lim (v) 
Illustrative paca 
Ex. (1) F ~ 8x" + 
* (1) Find the limit po cig as x >0 
. ar ae + si? 7 by Theorem (1) 


=—0+7=7 
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fim x3 -3x°+5_lim (x3 —33°45) 
p00. at? ne lim (247). by Theorem (3) as 
lim (x+7 )=40 
_ lim x8 —lim 3x2+1lim 5 
RO eT by Theorem (1) 
5 ; j 
=a by Theorem (2) as 


lim 8=(lim x) (lim x) (lim x) 
=0 etc. 


Ex.(2) Find the limit of vis Ares 0. 


We have from algebra. 


peVl—* 1 -VT—e tJ l-e Ta) 
e & Xptfl—x xl¢VJi—2z) *+V 1-3) 


provided x 0 


~ltV1=% 
When considering limit as->0 we exclude the value +=0; 
hence, | 


A oe lim (1) 
lim 1—-J/1—x __ lim 1 sae cks 
m0 ee PO T+ VI-x lim ()t+limv1—* 


1 
Ce ee 
ape iffer 1 by 
Now it can be shown that /1—* can be oom A differ from 
as little as we please by taking % sufficiently near ; 


“. lim J/1l—x=1. 
x>0 
lim1—yi-x__1 


——— 


1 
x0 x I+1 2 


xph—V% 
Ex.(3) Find the limit of er as h->0 
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Note that in obtaining the limit in this example we are consider. 
ing the variation of h, not of x; and so far as variation of h jg Bon. 


cerned we may consider x constant. 


No 


as h 
h(J/a+h+J/x) 


lim Vxth—-V 4 1: __t a 
_ JSxth+J/x 24% 


— 


h->0 h 
h0 


Ex. (4) Prove that lim 
° §>0 


Fig. 14 


—_— 
— 


Jxth-Vx (Sx th—n/x) (atht+V x) (x+h)—x 
7 h - h(n/x+-h+ /x) 


W/ x+h+ Sx) 


provided h=40 


i 


= J. 


Take a circle of unit ra- 
dius with centre O, and let 
AP'be an arc of the circle 
subtending an angle @ 


radians at O, where oS 


Let the tangent at A to 
the circle meet OP pro- 
duced in T. Let PM 1 OA 

(See fig. 14.) 


We assume from geometrical intuition that 
area of A OPA < area of sector OPA < area A OTA 


2. @, 20A-PM <3 OA"0 <30A-AT 


@-1-sin@<4-(1)°9<4-1-tan6 
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, sin@<9< tan @when0<Q@<,/2. (a), 
; : aia a 
‘ epee, yee . sin § 
1 <sin 0 cos 0 - b> eG > cos 8 
| dy 
2. 0<1- -<1- cos 


But 1 _ cos 8 = 2 sin? (+)<2(+) by (a) 


Q 2 
e 9 : 
. 1 -8 < " <e by taking 0 sufficiently near 
to 0. - 
.. When 6 is positive, lim (2 2) cS ee (8) 
go0N Od oo 

If @ negative, put @= —¢ so that ¢ is positive, and 

sin 9 _ sin(-—¢) _ —sin¢_ sin¢ 

aa: det 

lim sin§ _ lim sind ='1 by (8) : 

- lim sin® _ 1 , 
In either case g 5g 


we have incidentally shown that 
2 
| 1—cos8 [ = <eif dis sufficiently small 


lim cos 6 =1. 
6—>0 


Ait jable * 
7-1 The statement x tends ee ee eee and 
is said to tend to infinity when 1 anne 


_assigned num- 
remains greater numerically than any Begs 
ber N however large. 
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If x takes only positive values we say X > + © And if 


st takes only negative values we say *—= ~ %. Thus, if 


xy = lorx =~ yas y tends to 0 through positive values, 


x —> +0, and as y tends to 0 through negative ‘values, 


% > 00, 


Examples II 


Prove the following :— a | 
wo (1) lim a = a. ( 
x—>a 
(2) lim (ao+ Ax + yx? + pees + Aynx") = do. 
xa ae 
£20 dal Dah pa 


" (4) lim KR -AX+S a ure 
JS) lim * #72 ee 


oD - Lee . aa a er, 
Je) timst=a ig 
BPO int 4a’. 


x—- a 


/ 

v. (3) lim 30° +5a° +72? _ 17 -. 
“ 
i 


x (7) Jim (a+h)*~ a” : 
_ “7 = ga"! where x: is a_ posi- 


aod hh on 
tive integer. 
8 ° a - = as ; 
yer OY, Daas Ie a 
SS) lim Sl P 
z—>0 ae we 


$ 
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' — sin m0 — m 
(10) \ a sinn0 oa wats lim LTS0s * _ 0 
a / | x—>0 x i. 
\.  L-cosx _ i vs : 
(2) ae (13) lim L=e0smx _ m! 
ae “ie ey; 1 — cosnx fae 
aay ii ara ale 1. (15) lim sin % cos x ee 
| 7 x30 x me 
(16) ie: Sane ao, - (17) lit oe 
git an oe >) x—>0 x" 


cosec = cot, ¢) 
18” “lim = ~ =} 9 m Sit % Pat 


As 0-20 ise 


(20) lim wien eid = cos x. oe 


h->0 . 
+ 
: 41) lim “= (x ee ELE —sinx. 
h+>0 fe 
(A022) lim fan ary rans eA TE soc 
h->0 « : 
v (23) tim than, 7 (24) tim ft 
a x-> 00” Low ee XO B 
+] 1, 
v (25 v 1+ 2a" api 2 etl. Sk, 
) im eae, (28) marae 
| 
1 
27 lim Sate = on ae 
n> Dek tok ND 
v 28) lim (sec x—tan x)= Oe 
x >a /2 Ps 
29 Ne; ) a eee | =a Ps 
m a = 3. 
X—> 00 Vete+1 Vath Pal 
tia 
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8g. Continuity of Functions 


(1°) Continuity of a point: In $6 it was observed 


that lim f (x) may or may not be identical with f (a), 
xa 


When, however, they are identical we say that f (x) is a 
continuous function of x at the point += 2. 


Def. Iff(a@) isa finite number and if f (x)->f (a) as- 
xa then the function f (x) is said to be Continuous at x= a, 


Thus there are two conditions :— 
(i) f(a@) must exist and be finite 
and (ii) lim f (*)=f (a). 
. xX >G4 


If any of these two conditions is not satisfied for a 
certain value of x, we say that the function is discontinuous 
for that value of x. 


Examples. 


Ex. (1). Consider f (x)= = 


For any value @ of x other than zero, f Ca exists and 
| a 


“. { (x) is continuous for all values of x other than zero 
f (0) does not exist, hence f ( 


‘ x) is discontinuous at x =0. 
wpe 


(2). Consider a function f (x) defined thus 
f(x*)=0 for all values of x > 1 


f (x) =1 for all values ofx<1 
f(x)=4 forx = 1 


: mr f 
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we) 
on 


The graph of y=f (x) !consists of t 
\ ' 5 gibi WO Straight 1; 
ynd an \solated point P (See fig, 15). traight lines AB and cp 


Consider the behaviour of the function at x= 1 
lim f (x) = 1 as x1 through values less than 1, 
lim f (x) = 0 an x->1 through values greater than 1, 
and f (1) = 4. 


The function is discontinuous at x=1. 


ak 
Ex. (3). f(*)=sin 5° 


. Here f (x) is finite for all values of x except * = 0. 
Let us investigate whether f (x) has a limit as x0. 


* The values of f (x) always lie between + 1 a 
f (x) =+ 1 when = =2n at oa Lex. = (4n4+))7 
9 


re) 


=\ 


1 Be i go tae 
and f (x) =-1 when — nr- 9 1. C. X. (4n-1)3 
where 22 is any integer. 


and larger and t 
} to 


he interval of 
Now as x>0, 2 becomes larget 4+ 1) becomes 


Values of x in which f (x) changes from ~— 
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smaller and smailer; 
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f 


} 


i. c. f (x) oscillates very rapidly eee fa 


values — 1 to + 1 asa->0: so that f(x) does not tend to any fefinite 


limit as x—>0. 


1 : 
f(x) = sin > is discontinuous at +=0. 


The graph of y = sin -. is sketched below (See fig. 16 ) | 


Fig. 16 


(2) Continuity in an 
interval 


Def. If f (x) is continuous 


._ for every value of x in the 


interval (a,b) then f (x) is 


“ said to be, continuous in the 
interval ( a, Dd). 


The graph of a continuous 


function is a continuous or 


unbroken curve. 


All the functions with 
which we shall deal in this 
book are eontinuous, save at 


_exceptional points. 


8-1. An important property of the continuous functions 
is that a small change in the argument x. produces but a small 


change in the function of x. 


For, if f (x) is continuous at x=a, then lim f (x) =f (a) 


?. €. given e wecan finda 3 


V >a \ 


such that 


lf (x) - f (@) | <e when] x.- a| <8. 
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Now if * takes a value a+ h or @ - h, where h is 
a 


all positive number <9, then f(a+h) orf (gq — h) diffe 
ane ‘i (a) by less than «: > 
(r : 
rhus if f (x) is continuous at x = a, we may write 
f(ath) =f (a) + a where « > 0 as ho. 


Examples IV 


(1) If # and v are continuous functions of x at. x = a, 
how that «+ v and> wv are ‘continuous -at x = @; and that 
is continuous at x = a@ yprovided the value of » at a= a 
” ae 
is not zero. 

‘9,) Show that sin x is a continuous function of x 
forall values of x (‘assuming sin 0 =.0 ). . 

| 8) Discuss the continuity of V¥(*%-3)(5—-*). 
: (4) At what points are the following functions dis- 
continuous ? 


J 1+ sin x 


aa ol = 
Find the limit of 4 sm as x 20. 


lf f(x) = asin when x # 0 andf (0) = ® 
x 


. -atinake & ‘aph of 
oy that f (x) is continuous at * = 0; sketch a gl 


: , y) e 
the function from x= - 26 x= 


4 


~—_— 
v 
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(4) Iff(«) = 2 when x = 9 
shied “if US? 
_ or 
= ” a” = 2-9 
satx = Oands = 2. 


show that f(x) is discontinuou 
Draw a sketch of the graph in 
(7) Sketch a graph of the function 


(0, 2). 
fia) = the integra] 


part of x. 
(8) Show that the function 
2 v) 
a = ¢@ 8 
<) == ! 
f(x) 7, when 2.7 4 
ae. 
= 2a a a 


is discontinuous at x = @. 

*“(Q9) The railway fare of a passenger depends on his 
age thus: No fare if the age is between 0 and 3; half 
are between 3 and 12 and full fare over 12. Draw a graph 
of the fare for ages between 0 and 20. 


. 
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_CHAPTER Ill . 
DERIVATIVES 
9. Derivatives 


In calculus we are concerned with varying quantities or 
numbers. If two varying quantities are connected with each 
other, we have often to compare the changes in one with 
the changes in the other. This is best done by considering 
the vatio' of the change in one to the change in the other. 


Consider for example, two variables x, y, connected with each 
other by the relation y=x. Suppose, at a given instant, *=0; then 
at that instant y=52=25. If the value of x changes to 5-1 the 
corresponding value of y will be 5-12=26-01 The change in the 
value of x, or the increment in x as it is called, is 51—5=0-1; and 
the corresponding change or increment in y is 26-01, —-25= 1-1. 
To compare these changes, we consider the ratio : 

increment iny 1-01 == 10-1 


——— 


incrementinx 0-1 


This ie called the incrementary ratio. 


If x had changed from 5 to 4-9, the increment in x would 
have been 49 —5=-—0-1, that is negative; and the increment 
in y= 24-01 — 25 == — 0-99; so that 


: — 0-99 | 
the incrementary ratio= oj] = 9-9, 


To consider the general case, let the two variables x 
and y be connected by the relation y=f (x ). 


Let x, y be the initial values of ihe variables; and as x 
changes to x + h let y change to y + #; then h is called the 


ai 
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increment in x and R is called the corrsponding incremen| 
in y ; and the ratio © 
increment iny _ k 


~~ is called the cncrementary ratio, 
Increment inx h | 


As x + hand y + k are corresponding values of x and y, 
ytk=f(xth) 


“ k=f(xth)-y=f(ath) -f(x) 
and the incrementary ratio 2 = ta th) ~ f(a) - 


It- should be noted that the increment may - be ‘positive or 
negative. It is always equal to ; Peers 

( new. value of variable ) — ( old'value ye 
Ifthe variable has increased, the increment is positive. . 
Ifthe variable has decreased, the increment iS negative. 


9-1. Definition of the derivative . 


k=f(x*x+h) =f(x) varies with h,i.e.k is a function of 
h; now as h>0, in most cases & also tends to 0. If his 
actually equal to 0, then k=f(x+0) —f (x) =f (x) —f (x) =0; 


so that = takes the form which ~ is meaningless. If, 


however, h tends to zero, it may be possible to determine 
a k 
the limit of > he fundamental problem of the differ. 


ential calculus is to determine this limit, if it exists, and 
to interpret it in its various aspects. 


Def. The limit of the incrementary ratio LGN) “f) 

p 
as h > 0 is called the derivative of f (x) with respect to x; and 
Is denoted by f’ (x) | 
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Thus ’ (x) = Jim EGth)- £G), 


h in the above poe may have any sign, positive 
or negative. 


| a he process of calculating the derivative is called 
differentiation. 

If for a particular value of x, f’(x) exists, then we 
say that f (x) is differentiable at that value of x, 

The derivative is also known as the differential coefficient. 

9:2 Another notation. As we have to deal often with 
the increments of variables, it is convenient to have a 
special notation which suggests the idea of increment, as 
well as the variable in which the increment has taken 
place. Hence the symbol.3 x or A x is used to denote the 
‘increment in x. Thus 3% or Ax is. a-single number. 
which denotes the same thing that was formerly denoted 
by kh (3 xin this sense should not be confused with the 
product of.6 and %; o in 5 % stands simply for ‘incre- 


ment in”). 7 
dxor Axis Be as ‘delta x’. 

In the same way increment in y is denoted by } y or Ay, 
With this notation the incrementary ratio may be 


oy 
1 i : ! the derivative which is 
simply written as 54? and then 


oy . JAY 3&1 gs 
equal to lim ae is denoted by re Or Fy (y) or Dey 
0x 0 


Thus if y=f (x); 


dy d 
7 (2), 2, Gv) Do 


all denote one: and the same thing viz. 
y with respect to ~. 


the derivative of 
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The phrase ‘with respect to’ occurs often and is written Shortly 
as‘w.r.t.’ 


Example: Show that if y is a continuous function of 
x, then 8 y>0 as 8 x0. | See § 8-1] 
Illustrative Examples : 
d 
Ex. (1). If y=x show that o —# be 


yt dyaxtdun | et | : 
Sy=(4+94)-—yH(x+O4)—x% asy=x 


= 0x. 
Oy _ 
sal 
49 tig 8 Stim ()=1 
* 3x50 8x30 | 


Ex (2) If y=2?, show pe = 2%. 


y+ S y= (x49 x2 
Sya(atdaP—ya(x4+3 x) — 22 


as y= x? 
=2%x(5x%)+(dx)2 
Rae’ 3 | 
we = Oe + (dx) 
® im ore 


= lim (24'-+ Bx) Oe. 
0x were x 


If we wish to use the form - f ath —f (%) 
proceed thus :— 


instead of ~~ by we may 
0x 


y=f(x)=x? 
“L(athy=(x+hny 
f(*+h)- ad 
[em 13) (FLY 22 ah tie 
A) yt y 
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* fal x)= lim) “Sls = lim (2x +h) =2 x. 
h>0 h>0 
Ex, (8). If y=./ x find 2. 
=f (x) =V x 


FUTM=RV Eh 


sy, f(*+h)—f (= Sxthov x 

_ £ A+) —f (x) Vxth-V/ x 

ee h bes ee cree 

fl (2) Slim LATS) _ SERN & 

\ h 1 

h->0 nso? 

r nso Y Hthty *) 
Slim Zeek 
psn VERE... 

ee 


— 


2x 
dx ES as : 
Ex. (4). If y=mx+c where m and c are constants. 
dy 
Show that dc 


y+dy=m (x+3x)+4+e 
Oy=m (x+3x )+e-y 
=m (x+dx)+e-(mx+c), 


as y=mx+e 
=mdx. \ 
ay = lim a = lim m= mM. 
0x0 0 x0 
' Exambles : 
_1 dy _ _»1 
(1) Ify= - show that ae x 


Aye ) If y=ax’, show that a = 2ax, a being a constant. 
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(3) If y = ax’ + bx +c where a, BD, c, are constants, 


dy _., 
Cc pee > b. 
show that Ae 2ax + 


10. Geometrical meaning of the Derivative : 


The development of the differential calculus began ~ 
with the problem of finding the direction of the tangent 
to a given curve at a specified point on it. 

We have defined the tangent to a curve at P as the 
limiting position of the secant PQ as Q tends to P along 
the curve. (See § 6). ? 

¥ Bate 


; Fig. 17. Soa 
Let P (x,y) be a fixed point on the curve y=f(x); 
_ and let Q (x +/,y +k) be a variable point on the curve. 
Let 4’ be the angle made by PQ with Ox. If the ordinates 
of P and Q are drawn and PR is perpendicular 
of Q, we see from fig. 17 that 


tan ¢! = tan QPR =RQ_  _f(e th) -f (a) 
? an QPR PR h h (1) 
Now consider the limiting position as Q-—P. The secant 
PQ will in general tend to. assume a limiting position PT 


to the ordinate 
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Which, by definition 
PI makes an angle 
h>0 as Q->p. 


» 1s the tangent 


to the curve at P. If 
* with Ox, then 


$'>$ as Q-sp. Also 


“. tan $ = lim (tang!) = lim 42+ 4) = f(x) by (1) 


dy 
tan $ = 
and = f’ (x) or Ae 


tan ¢ is Called the Slope of the tangent PT. 


+ The geometrical meaning, ‘therefore, of the derivative 
f’ (%) is that it represents the slope of the tangent to the 
ve Y= Fx) at the point (x,y). Ro tie | 


Illustrative Exampl es: 


Ex- (1 ). If y= mx + c, where m and .c 
dy 


are constants we have 
ig (See ill, ex. (4) § 9), 
ax 


The slope is, therefore, the Same at 
every point (x, y ) on the graph. This is a characteristic of. the straight 
line. y=mx+c is therefore the equation of a Straight line whose 
Slope is m. - | : et tine 


Ex. (2). Ifthe tangent at P (x, y ) to the parabola y= x cuts Ox 
in T, and if PM is the ordinate of P, show thatOT=TM. © 


ay 


Let 2 PIM = d, 
Now y= x2 


», x On," (See ill, ox. (2) § 9) 
ax ' 


~N 


MP Vi ce’ 
and tan = ™ TM—Tw 
_— : mS (See fig. 18) 
Qo T fA 
But @Y — tan p> 
Fig. 81 ) dx 


Ox =o TM = 4x =40M .«.. OT = TM. 


46 ELEMENTS OF CALCULUS 
11. Rates ; Application to 
§ 9, if y is a function of * andas * 
y changes from b tob+k, we 


Mechanics. 


Going back ‘to 
changes from @ to @ + h if 


have 
change in y _ Rk. 


change in y per unit change in % =“hangeinx fh 

in x is called the 
This average rate is 
ge of variation 


This change in y per unit change 
average rate of change of y w.r. t. x. 
a function of h. If now we make h, the ran 
of x, smaller and smaller and ultimately allow / to. tend 
to zero, we arrive at the idea of the rate of change of y 


with respect to x at x = a. 

We define the rate of change of y with respect to * 
at x = a as the limit of the average rate of change of y 
w. r. t. x as the change in x tends to zero. 


Thus if y = f (*) we have 
rate of changeofyw.r.t. x atx =a ~ 
, = fino mt (2 + 2) — fla) = f’(a) 
no” nO h 
We thus see that 
the derivative f(a) represents the rate of change of 
f(%) with respect tox at x = a. ; 


11-1. Velocity and Acceleration. 


Suppose a man is riding a bicycle along a straight’ road 
and covers a distance of 10 miles in an hour. We sa that | 
his average speed is 10 miles an hour. It does not 7 
that he had kept up that speed all along. If we wi mis 
find out his speed at a particular instant t, we aie ly 
consider as a fair approximation the average speed P ee 
short interval 6¢ including the particular see ark 
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shorter the interval the better the approximation is 
likely to be. This suggests that we should take the 


limit of this average speed as 8f->0 as this speed at the 
instant. 


> 


Thus if s is the distance measured along a straight 


. b+ SE line Ox from a fixed 
) ———, tit _, 


Pa x point O, described in 
. <—S$—> time ¢; and if sis the 
Fig, 19° 


further distance covered 
in the interval d¢ following the instant ¢, then, 


average speed in the interval 3¢ = 


We define the limit of = as 670, as the speed or 


velocity at the instant 7, and denote it by 2; 


now .- lim os is denoted by dss 
d1->0 oF at 

7 v =velocity at time t= ids", 

oe y dt 


Thus we see that the 


velocity is the rate of change of space (s) with respect to 
time (t). . 


Tf ( £1,'S1 ), (toy 5a) Cbg, 83°) 00a ceceaees are sets of values of ¢ and s, and 

taking ¢ as abscissa and s as ordinate, if “ 
we plot the points (7), s,), (ta, So). 
P ceceneanee the resulting graph is called the 
space-time curve or Ss, t ‘curve. 


(t,s) T 


The slope of the tangent at (?, 5) to 
this curve represents the velocity at time 
t for by § 10. 


ds _ 
t slope = “Gy = 2: 


fig. 20 ( See fig. 20 ) 
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Again the velocity » may change with ¢. If velocity 
changes from:v to vy + $v as time: changes from ¢to7z + St, 
we have 7 


Be: Buathe 42 _ bv - 
the average rate of change of velocity in interval 8t = eee 


If 2 tends to a limit as ‘3-20, we callthat limit ‘the 
t 
acceleration at time t. ’ 


3 ee : ., bv _ dy 
Acceleration at time ¢ = lim ae 
, d2>0 
Acceleration is the rate of change of velocity with respect 
to time. ate, , ; 


The slope of the v, ¢ curve represents acceleration. ~ 
12. Derivatives of some Standard Forms 


We now proceed: to ‘obtain the derivatives of a few 
simple functions of x: eed Wigie tat | 
(1) Derivative of a constant 


/ 


Let y = c wherec is some constant. 


Whatevers be the variation in. x, there is no variation 
in y; 7. @, dy = 0 for any value of 3x. 

e 5 

“s 7 = 0 for any value of 5x other than 0. 


ee ay = lim by —— 
aX Sy-59 dx 


ee f — _— eC 
If y = c, then ig = 0. 


(2) Derivative of power 
Let y = x" where n is a positive integer, 
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Then y + by = (x + 8x )% 
By = (x + 5x)" — 2” 
— n —-] n(n-1) 
ie, the Aeon) AE 7 
eb (a) = 3” 


by the Binomial Theorem for positive integral index. 


x (84)? +... 


By = nx") (8x) + n(n = 1) yn (5x)? +o. +(x)" 


5 i eine eae | | 
ree = Mei tn 1) ye (85 )otbisiee. + (3x)? 


Now take limits as 6%->0; every term of the right hand 
side after the first contains (Sx) as a’ factor, and hence tends 
to limit 0 as 3v->0. Hence using Theorem (1) of §7, we have 


o = lim 2 = nxt) 
thee baat PET 
. If y = x" when n is a positive integer; then 
Lae f- BS ie Eg 


We shall extend this result later on to the case when 


n is any rational number. 
sin x where * is expressed in radians. 


(3) y= 
y=f(%) = sinx 
nf (ath) = sip +h) 
= sin (x-+ h) - sin x 


~flath)-f() = 
= 2s! I cos (a+ +) 
= 2s 5 9 
| A-B’ AtTB 

[sin A - sinB = 251 3 cos | 
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wa h 
“tet ny— pe) 2 704 +3) 
- h : h 
_ sin} cos(# +7 ) 
‘ h 
—_ 


soda ara flat b) = pls) 


h>0 | 
hy 
= lim a | cos (x + h/2 ) 
h>0 h { : 
2} 
fat] 
= lim a ae” Ti h 
h->0 + | h f pa COS X To ) by Th. (2) 87 
ee a 4 | | 
= 1. cos x | 
9 sin — ae 
Oe , x 2 
l, lim = lim = | 
—>0 9 


If y = sin x, then 29 = cos x 


dx 
e 
x being expressed in terms of radians, 


(4) y = cosx where x is expressed in radians. 
¥ =f(x) = cos x 
f{(x+h) = .cos(x +h) 
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“f(x +h) -f (*) = cos(x +h) - cosx 


ee Ie 
2 sin-> sin (a+ 9 ). 
_A-B.A+B 
cos A — B= - a sin 
| COs 2 sin 5 sin 9 | 
fleth)—yla2)_ sing 
AN dt NE) 2 Oe Oe h 
h h sin (2+ 9 ). 
2 
Taking limits as h>0, we have 
f'(*) = -sinx. 


* If y = cosx, then dy = — sin x. 


dx 
(5) y = tan x where x is expressed in radians. 
~y =f (x) = tan x 
. f(*a+h) =tan(«x +h) 
.fl(szth)-f(*)= _tan(x +h) - tan x 
_ sin(a +h) _ sin x 
~ cos (x +h) cos % 
_ sin (x+h) cosx—cos(x+h) sin x 
a cos x cos (x + h) 
sin h 
~ COS % COS (x+h). 
. [sin( A -— B) = sinAcosB — cosAsinB] 


flath)—-fl)_snh 1 1 
: h he ‘cos * cos (x +h) 
Taking limits as h>0, we have 
1 : 
/ en fags 
j (x) Acs COS % ae 


dy 
If y = tan x, then 7 = sec’ x, 
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13. Rules of differentiation 


Rule I. Derivative of a sum. 
Let y = u + y where w and v are functions of x 
As x changes tox +34, let « and v change to w + ney 


and v + 8 v respectively. Then 
ytdy= (at Bu) tl $85)" 
=(utv)+(tutiv) 


=y+(d3ut+dv) 

Sy =8ut+rdv 

By _ bu, bv 

Sx 8x bx 
lim? = ima + lim 22 by The (1) of S97 
84> 0B PO BESO 
OS Ed Us dy. : 
t AK. EK dx 

dy _du , dv 


if ri ——.. 
Thus if y= u +4, then Ae asf oe 


Cor. 1. We can extend this result easily to the sum 
of a finite number of functions. 

Thus ify =u+o+tw+t vuatee te 

where u, v, W, ......... are functions of x, 


dy _du,dv., dw 
die dx da "ay tf veer 


Cor. 1. We can similarly show that 


y = 4 — v, then— “2 au dv 


then — 
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Rule Il. 


away 


Derivative of product 


Let » = wv when u, v are tunctions of x. 


As x changes to x + dx, let u, v 


93 


respectively. Then 


change tou + Bu, uv + By 


yt by = (ut du) (v + By) 
= uv +u(dv) + (3u) (vo + dv ) 
Sy = uw (dv) + (yo + bv). (8) — Sy = xy 
. | oy | ov Ou 
Re tx 2 May t bot bo). 
~ Tim = lim uw. lim a) , 
3 x->0 5x>0 3x0 B¥ J): 
+ lim (v + 8v). lim 22 be 
bx>0 os BH SO OF. 


me ST 


Thus if y= uv then 22 dy 


oy theorems (1) and (2) of § 7. 


ae nage 


We may also write the result as follows :-— _ 


Ldy 1 dv 


du\_1 dv, 1. du 
 y ax uv bg TY vt) = U die. dx 
, 7 Aidy_ lidu, dv, 
1.é. If y = uv, then je a ee} di 
he then 1. @ = 1... 1 dv, 1 dw 
| Cor. 1. If y = uvw then yas Ran ob ae ae og 


E. ¢. 3 
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Regarding (uv ) as a single function of x 


dy_d _,,, aw a 
© ed ae + w in te): 


w+ w («5 » a) 


dv is 
det Gs + wo 7 


Ce ke” ldo, 1, du 
aati Page: da 3 eo ee ae on dividing by now. 


The result can be extended to the product of any 
finite number of functions. 
Cor. 2. If y = cu where c is a constant. 
dy du 4 dc 


BY die Eee | aed 
= Fae : by (1) § 12. 
dy _ Gu | 
ley" = cu, th 
oD aK dx “dx 
Rule II. Derivative of a quotient. 
L = 
et y =~, when w, v are function of x and v= 0 
“+ du | 
+ dy = 4 
y y v +d Poe sie 
bys no be —~ 4% ~ Ww + vdu - yy - yy 
voeo»~ v(v + dn) 
_ Udu — udv : 
v(v+dp) 
you dv 


by _ idx “be 
bx oot by) 
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“. Taking limits as 3x >0, we have 
pit _,, dv 
dy _ ax ax . 
eet yo a&uand v are differentiable. 
d Fe - us 
Thus if y = ; then 29 - ole dx 
ye dx v 
1 dy 1d 
Cor. 1. Ify=—, thnY@ = — 1. dv 
ne ae vu’ dx : 
For if we put w = lin the above formula then & = 0 
d 
0-1, 
: dy _ ax __ i dv 
re ax Op da 
The formula for the derivative of a quotient may be stated 
thus :— iu ) 


~'< 


: (den) (deriv. of num.) — (num. ) (deriv. of den ) 
deriv. of a quotient = ee ern ("ars 
(den. ) 
Illustrative Examples. 


Ex. (1). gm aamas + 6x9 + 84 + 1, find 2. 
dy 


Fe (38 1) (4x5) 4-4 ~ (622). ~ (84+ ll) iby Rule 1 


=3 © (at)- oS (a8) 464 (22)4+85 (x) +S © (1) Rule II Cor. 2 
=3 (4x3) — 4(3x2)+6(2x) x 8(1) +0 
=12x3 —12x2+12x+8. 


We have worked out this example step hy step to illustrate 
the application of the rules. After some practice the student can 
write down the answer at once. 
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d 
Ex. (2). If y=(2?+1) sin 2, find 2. 


Here u=x2+1 and v=sin * and then y=. 


dy __ dv du 
dx. ax + oy 
Now a = ” (sin x) = cos x by (3) § 12 
x 
and oH (a 42-41) =20+-0=2x as in ex. (1) 
tS agg ; 
dy = (x24+-1) cos x-+(sin %) (2x) 
x * 
: \ 
= (x?+1) cos od sin ez. 
Ex. (3). If y= (x, —1) (+4) COS %, find a when peek 


When the value of & for any particular value of x is required 


we must first calculate © for any value of x, and then substitute 


the particular value. 
Here y==(X21) (x+4) cos x. 


We may either (i) put (x? —1) (x+4)= 43+ 4x2 — x — Hand 
use rule II, or (ii) use Rule II -Cor. 1. 


— (i) y=(03-+-422 — x — 4) cos x. 


(cos x)-++cos x hs (x3 +44? —x—4) 


GY (434 Ayo d 
B= (+402 —2—4) & 


dx 
== (x3-+42?—x—4) (—sin x) + (cos x) (3x2+8x—1) 


= (3x?+8x—1) cos x—(x3+4+4x? —x—4) sin x. 
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(ii) y= (42-1) (x44) cos x. 


) 

9 2 A 9 1 
et tees xe— 

yy cr x*—] a Waa 


i 1 
Spay +o + cosa’ 6 ~ Sin x), 


x*—-] ° x44 cosx 


dy ; 2 
qe (2-1) (~+4) cos x ae ate core | 
We can easily verify that the result in (i) and (ii) are the same. 


Now to obtain the value of oo when x == 2: 


The value of 2 es -when x= q is denoted by (2 gu : 
dx , ) Lm T 
dy 


ore _— K 2-48x—1) cos ae Ax? — x 4) sina | ss 
=(12+.16 - 1) cos 2 —(8 416 32 ~4) sin 2, 
Boge — 18 sin 2. 


Ex. (4) y=tan x where x is expressed i in radians, 


We have worked this out from first ” principles in (5) §12. We 
work it out here again to illustrate Rule III. 


sinx 
y=tanx= : 
| ie COSA é 
‘ e au 
Here u=sinx,v=cosx and then = 
‘ ‘ 
du 7 dv 

dy-;- — ax ax 
at. v2 

du a ; 

Now —-== —(sinx)=cosx 
dx ax ( ) 
dv 


d , 
—=—= -~—— = -—- Sin x 
da ag (008 2)* 
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— —- sin : 
dy COS ¥ -COS%X sin n+(— sin x) provided COS Xx co 0. 


on 2 COs? x 
cos?x+sin?x 1 | 
cos? x cos? ¥ 
= sec? x. 


E If rove that dy tan x sec x. 
X. (5). y = sec X, Pp “ix 


1 
1= sec tS 


cos x 
a | ad 
= pace ae (cos x) by Rule III Cor. 1. 
‘Ls : 
=— Coe x ( — Sin x) 
_ sing. 1 
— cos x CcOosx 
= tan %..S@C-X. 
This result may be regarded asa “Standard Form like those of § 12. 
dy 
Ex. (5). Ify= 5 rca ras and? ax : 


Here w=4,v=14+% and y= 


gy dada _ (1+?) 1—x (2x) 
dx ve (14 32 )2 
= ia* . 
ae 


Ex.(7). A particle starts from rest and moves in a straight line 
a distance s feet in ¢ seconds, such that s = 3¢ + 572 + 8, find its 


(i) velocity at the end of 2 seconds, 
and (ii) acceleration at the end of 3 seconds, 


We must first obtain the velocity and acceleration at ? seconds, 
and then substitute the particular values of ¢, 
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d 
Thus v= o=5 ay BE+5P-+8)=34-10/4-32 


dv 
and acceleration = a= J B+ 10-+32)—=10 +6 


.. velocity at the end of 2 Secs. =( 


V).9=3+204+12—35 ft. per sec. 
adit acceleration at the end of 3 secs. 


=(10+6/),.3=10+18—28Fft. 
per sec. per Sec. 


Examples V 


Differentiate w. f, t. x the following :— 
JA1} XO 3x'+6x—5- (2) dx 384 beet LU 


J (3% “ane ate 2 at is a positive in. 


_ teger]. 
(5) (lt) @+xa (6)cesing 
LAA) G23.) tan. We (8. % COS x— sin x i 
(9) 2x sinx-x cos te, £10) (1+x) (1 +27) sin x. 


—t 
are 


x "tl 
ot +o ws a+ bx —" 
(13)* ear eA | (14) Rak 


(15) ax + bate e116) a Paxpand (x—1)7] & 


= cx’ +bx+a 


an 2A) “2. tim 
(19) _sind®, SY X50 0) °cos x-+sin x y 


2 4cosx + cosx COS x—- sin x 


(21) at+b a0 COS % ie 1+ tans. a 


b+a cos x 1— tan # 


49 
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~—, 
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d 
If y=cot x, show that Pe = —cosec’x. uae 


d . 
If y=cosec x, show that =n = —cosec x cot x. 


d o/, 
If y=sec x+tany, Snow that ay = y sec x. | 


dy 7, WA 
If y=(1+%) sin x, err a x= 7 ( 


Find the'slope of y= 1+x+x? at the point (1, 3). 
If y=sin x, find the values of 4%, for which 
dy _ } 

ax Ne 


If s=4g? where g Re a eos find the velocity * 
after 2 seconds. res 


| Ifs=utt+s Sie where uw and f are constants, show . 


_ that asy =u’ + 2fs. ae 


CHAPTER IV 
COMPOSITE FUNCTIONS, INVERSE FUNCTIONS 
14. Differentiation of a Composite Function 


If y is a differentiable function of u where u itself is 
a differentiable function of *, We now proceed to consider 
how to differentiate y with respect to %; y in, this case 
is a function of a function or a composite function. 


Let se y=f(u) and u= $ (x) 
' go that yisa function of x expressed as 


As x" changes to fe ae ~ u change to u-+du, and let 
this change in ~ make y change to yt by. Ehen we have 
the identical algebraic relation 


By _ By Be 
= d5 0. 
ba bu Sy provide te 


Now as wis differentiable Fangtion Of.:%; 


as 8x0, du also>0. 


lim 22 4 "tim >. lim by Th. 2§7 
5x50 5x20 3x20 
ia 2 tin oe 
Su-> 0” 34-20 
dy_dydu 
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, d _ dx du 
In particular if oe =] and1= du dx 
It a = (. we may write these results in the form 
dy 


dy _ dx ax: 1 
du du du du 
ax dx 
We have assumed in the above proof that as §x->0, §z is not 
actually equal to 0 for any value of x considered. 


If however, we consider ‘those values of §x which make §u=0, it 
is easily seen that these values of $* make §y=0 also; and then 


- ==0 ; and 370; hence taking limits as 5x30 we have ae 


a 0 and 
dy 
=o: So that formula = yy iG tea? reduces to O=0 and is thus 
true. 7 i 
Illustrative Examples, — 
a 
Ex, (1). ey =( arth) ne a idaho 
y is now a function of u where wis a function of x. So applying the 
formula of this article we have, 


dy_dydu d..d 
dx du'dx — dy) g, (ax +b) 
= 5u4. (a) = 5au4 
=0a(ax-+b)!, 
Ex. (2): Ify=sin (2244246), fing 2 } 


Put u = x2+-444+6 then y=sin y 


dy _ dy du 
dx ~ dx dx ©O8 4. (2x44) 


= (2x+4) cos (22+4446), 
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Ex. (3) If y= f(x+-a) show that © ef (x + a), 
Put ee eee 

\ dy dy ad 

\ ae ing i oi (w)-1 =f! (x+a). 


This is a very useful result. 


For example, ify=(x+5 )' we can at once write 


OF > If y=sin (2+), we get 


dy 2M . T 
ae cos (= 4+ 4) : 
Ex. (4).If y=f(ax+ 5), show that $ an (ax-+b). 


Put u—ax + b, so oe pa ( u“). 


mn SS Oe } = aii 
Then a * du ae =f (14): a=af!(ax+b). 
dy T € 
if y= = 
é. g. if y= sin x° =sin — i80 x, then —— F = 180° 180 X=799 cos x° 


We may generalise ‘the result: of: this article. Thus 
if yisa function of u where uw is a function of z, and zisa 
function of x, 


and so on. 
Ex. (5). If y=sin® (a°+7) find eo 


Put z=x3-+7, u=sin 2 then y=" 

dy __ dy du, dz 

al | : dx _ du dz ax: 
= 5 sin’ z-cos 23x? 

= 15x? sin’ ( x3+7 ) cos ( x°+7),. 


= 5u', cos z. 3x? 
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14-1. Derivative of x" where n is any rational number. / 


In (2) § 12 we obtained the derivative of x” when n is/ 
a positive integer. We now extend the result so as to 
apply to any rational value of x. 


Let y=" where w is a rational number and 2” /is 
real. | 


(i) When m is a positive integer, we have seen that 


d ene es ; 
ane Ns See (2) § 12 
(ii) When x is a negative-integer. | | 
Let 1 = — m where m is a positive integer. 
Then ee | 
BY ak fe m 
ra WF ae G oy ¢ cor. i Rul Il § 13 
af 1 m-) . 1-7. 
=~ am MA by eye 
= — yn) od t 


= +x" on replacing ~m by n. 


(iii) Let n= pig where p is ‘any integer positive or 
negative, and qgisa positive integer. 


oF ( i 
5 4° 


et, 
Put # = x"; then y = 
dy dy du _ dy fdx 


Spee ee, a: ee ad 
Now. Gee” du dx dud du PY 314 


Here yr 
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Now yaw oO = pfs by (i) and (ii) 
ahd “= Pi ees ut 2 = gy" by (i) 
\s Gy = BaP iy = Dye 
GY te 
= nx Putting | =n. 


-. If y=x", then o = nx) 


where n is any rational number. 
Illustrative Examples. 


Ex, (1) y=J/a=x® 


- 


This was done from first principles in ill. ex. (3) § 9. The 
application of the formula gives the result more quickly here. 


Ex. (2). y=V14+4+32". 
Put u=1+x+x? then y=V4 
dy dy du_d 3d 


; 2. + ES aay eee 2 
Then 7 = Gw dx 7 (eda (l++-+2") 
—3 
=u ~ (1422) 
1+2% 


9. Tate 
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‘ . dy 1:. du. 
Note, The result if y=/u, ae Iu dx is of such freque 


occurrence that it is better to commit it to memory. 
Ex. (3) y=sin™ (kx) where m is rational and & is a constaht. 
Put kx=z, and sin z=u then v=u”™, 


® __ 4, du dz. 


Then du dz dx 


= mu"-1. cos z. k 


=km sin ™=] (kx) cos (kx). 


/ 


§ 


After some practice the student can dispense with the actual 
substitution and make the substitution mentally and ‘show only the 
steps :— 


If y=sin”™ (kx) 
Aye 2 on utes , 
then de mm Sin Ml (kx) cos (kx). k 


=km sin™-1 (kx) cos (kx). 


Ex. (4). y= —————"—- - | where p, g are constants. 


u 
and va 
Vv du — yy dv 
dy dx” dx 
ic = 7 Tr Terre Ride Saas een Gta ec (a) 
Now u=x+p Be du 1 
ax 
and v=/x?+2px+q 
puting a==x2+2px+q, © vmdJ/z 


dv_ dv dz 
(2e+2pj—2—2tP 
dx dz dx mae q Jit Opn tg 
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Now substituting these values in (a) we have 


Y a-[ Ja9+2px+q—(x+p). —*te 7 \/ 
x L J+ 2px+yq a (ia? +2px+q) 


= t2px+q— (xt py 


(x?+-2px+q)32 — 
q-p* 


(PF2pxFgpr 
Examples VI 


Differentiate w: r. t. x the following: (Examples 1-15 
may be done orally a 


(1), B® Le) ge, @) 5 wy ax? 
5) 3 pv ee Ls oi eb eg OL 
) 2 (6) ate @ at 3.8 
Sie ak 1 
“ey a SS 9 3 
a), X+1 i 
“1) - 2) On @ ~1).(13) sin 3x. 
| | dd x +1 
_ i a aa 
— 4) 2rd | 
ne i Na’ +x Vet 


(20) aVe—a. (217 -— (22) Fi aa 


Le aa | 
ie ca ax’ +2bx+c 
va) VS) en vets) 
1 
(25) VaLoe. (6) (xta)™ (x+b)" 
- (27) ie tet (08) sin 2x cos 3x. 


(29) sin? x cos? x, G0) sin (ax+b) tan x, 
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Gi). 28, (32) J (1+sin’x). 
cos’ x | 

(33) - / (sin 3.x). 84 J (a sin’x +5 cos*x ). 

(35) tan (% +30"). 

(36) If ee - = + cx" where a is a constant shbw 
dy ed 

that x 7. OVra le: 


(37) If y= 3x3 +2¢ sin x +2 cos e+e sin 2x+4x 


show that ois a perfect square. 


15. Inverse Functions. 


Let x bea given function of y, say x=f'(y); if we solve 
this equation and obtain y as. a function of x, say y=4 (x), 
then we say that # (x) is the inverse junctions of f (y) or 
the inverse of f (eye: 

Thus if x= y’=f (y), 
then y= Wx= ¢ (x) gives the inverse function, 

We assume the following Theorem : — 


If x=f(y) is | _ continuous and increases steadily 
y RES oe from Ato B as y increases 
from a to 6b, then there 
exists. a single-valued inverse 


b function y= d¢(*%) which is 
also continuous and increases 

a Steadily from @ to b as x incre- 
ases from A to B. 

re) A 8 x A similar theorem is also 


Fig. 21. | true about continuous and 
Steadily decreasing functions. 
Fig. 21 Suggests the. truth of this theorem from. geometrical 
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intuition. A strict analytical proof is beyond the scope of this 
book. 


15-1 Inverse Trigonometric Functions. 


x = sm y 1S a continuous 
function of y. 


~ 


It is not however _ steadily 
increasing throughout the range 
of values of y. Hence, if we con- 
sider the corresponding’ inverse 
function which is written as 

y = are sin x or y= sinJy 
we cannot say that it \is  single- 
valued. Infact for values of 
x ‘in the interval (= 4), 1.) it‘ is 
easily seen to. be many-valued. 
‘If, “however, we consider - only 
that portion of the curve which 
lies in the interval (- «7 /2, 
/2) ‘of -y, we see that x = 
sin y increases steadily from 
: —~1to+1-as y increase from 
— /2 to 7/2. Hence by the above Theorem we can 


define a single-valued function 


Fig. 22 


y + sin? x or y = arc sin % 


: oy 
which is continuous and increases steadily from — ~/2 to 


+ ./2 as x increases from — i to + 1. 


That value of sin’ x which lies between — 7/2 and 
+ 7/2 is called the Principal Value of the function 


sinx (See fig. 22 ). 
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Similarly, x =cos y steadily decreases , 
from + 1 to — 1 in the interval (0, = )./ 
Hence a_ single-valued continuous 
function y = cos?x can be defined in 
the interval (0,7). That value /of 
y = cos? which lies between 0 and T 
is called the Principal value of cos ly, 


Fig. 23 shows the graph of y= cos” Vy 
The portion shown by the continuous 
line corresponds to the Principal 
value; sin?x, cos’x are defined only 
in the interval (- 1, +1) of x. 

Next if x = tan y, the inverse 
function is y=tan’x. As y increases 
from — 7/2 to' + 7/2, % increases 

Fig, 23. from- © to ©. The Principal value 
of y or tan x is that value which lies between — 7/2 
and ++ a/ ea 
In tan x, x may have any real value. 
wy 


e°” 
cs em mrccowus ene 0 o” 


ae 


wv” 


@ovrwvecveecacee qa pee 


Fig. 24, 
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Fig. 24 shows the graph of y=tanx. The portion 
corresponding to the Principal value is shown by the 
continuous line. 


We can define cot™x, secx cosec™x in the same way. 


The Principal values of cot™x and cosec™'x are those _ 
which lie between— 7/2 and + x/2. 

The Principal value of sec"x lies between 0 and +7. 

15:2. Differentiation of inverse functions. 

Let y be a continuous function of », then under certain 
conditions, stated above, x can also be regarded as a con- 
tinuous function of y; so that if dx,. 3y be corresponding 


increments in x and y respectively, then sy>0 as 3x>0 
and vice versa. 


Now we have the identical relation 


_ dy d% 
Ox Oy | 
e 1 = li oy ) 
= lim (2 2). lim eS) by Th. (2) § 7 
Ox 
6x20 6x0 
r\e. Bx 
= lim (22) lim . ) 
_n » 0% y 
3x0 sy>0 
_ dy di, 
dx dy 
dy dx 4 
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dx or ate Vpteae OD x dx , 
If ay # 0, we'may write this as ee 1 a 


We obtained this result in § 14 while considering composite 
functions. Here we have considered it again and given an inde- 
-pendent proof, as it is the fundamental formula for the differentiation 


of Inverse Functions. 


Geometrically, this formula expresses the fact that the tangent to 
a curve at any point on it makes complimentary angles with the axes 
-of x and y. ! 


We now ‘apply this formula to obtain the derivatives 
_ of Inverse Trigonmetric Functions. 


(1) y =sin x where y lies in ( = Ro 


a “=sin y-— 
ak cos y= + V1-sin’y= +NV1-# 


We take the + sign, as cos y is + ve when y lies in 
(-—77/2, 7/2). 2 | 


dy 1 
dx dx J1-x" 
dy 
Thus if y= sin'x, then eee ; 
dx Vi-—x 


(2) y=cos ‘x when y lies in (0, z ) 


X=COS y 


d . is 
a Gy te V1-cos'y= -— V1-%". 
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Here we take sin y= + /1-cos’ “y as sin y is-++ve when 
‘y lies in (0, x). 


EVs lest. 1 
dx d — J/1—2" 
dy 


“. If y=cos"'x, then" ae eerie: Sear 
‘ | dx J1-x? 
We could have deduced this result from (1) by using’ the relation 


sin7! x + cos"! « = 7/2 which holds between the Erinctpal values of 
sin7) + and cos?! x: 


for | y=cos") x = r/2—sin7] x 
i a EEO RS ee | 

: ; dx LN LEER, We: ~~ 
(3) y = tan x where y lies in (2 a /2, 72) 
- x = tany 
. ak _- 
oe os sec’ y = tty - Bs 
sf By Leith 
pf 3. Qe ax 1+ 2 

dy - 


-1, neal Sea : 

Thus if y= : tan™ x; then dx 

Here no ambiguity of sign arose as in the cases of sin-! x and’ 

cos"! x Hence even if we consider the general value of tan-! x, we 

would have obtained the same derivative. Geometrically, this signifies 

the fact that tangents to the various branches of the graph of 
y= tan! x at points having the same abscissa are parallel. 


We can similarly obtain the following — 


d 
(4) If y=cot™ x, then ae = — ——, ( - f<y<F). 
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(5) If y=secx, then == = ——S=——= (0<y<0 
dx |x J/x*-1| 
d 1 
(6) If y=cosec?! x, then = - — 
dx lx J/x°-1{ 
T 
——- <V<— 
( 7 ~9 
Illustrative Examples. 
Bans | ace, 

Ex. (1). y=sin a 
Put 4 =— then y=sin7] w 

dy? S0yi du PA ee 

dx du dx Vi-w@ @. V@-@w Jai—x? 
Ex. (2). y=tany © 

x F 

Put alee then y=sin 1x 

dy _dy du _sl, Lagi, oh 2a, 

dx du dx 1+wW 4@ x? a atx 

1+ a 


Results of examples ( 1 ) and ( 2 ) are worth remembering. 
Ex. (3) y=x sin“, ; 


This is of the form uv where u=«x and v=sin“'x. 


ay 1. sine) 4 ga 
ae =1. sin" x +x. de (sin"!x) 


* 


1 
= sin7)x ———* 
F /1l-*« 


1+%x 
4 —_— =) ° 
Ex. (4). y=tan ik 
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Put “= te then y = tan")x 


dy _dy du 1 dy 


—_ —_ 
— — 


dx du'dx 1+ dx’ 


Now @# = l(1-*)-(-1)(14+e)_ 2 
ax (1- cap (1=x) 
BY exe = du 2 
dx 1+22' dx 


2 de GS) ‘(1-x) 


~ (i= ry Tee ye aT 
ee oe 
~ 1442 


We could have got this result much more ee had we recog- 


nised the relation tan™! a =tan-! 1+tanly = 4 ules tan", 


so that y =7 + tan)x =. 


Sometimes an algebraic or trigonometric simplification before 
differentiation makes the differentiation easier. | 


16. Implicit Functions 


If y is Ewen as a function of % by an equation of the 
form 


f(%,9) = 05... or, tay) = 0 (4%, y), 


where f (x, y) and & ( x, y) denote functions of x and 
y, then we say that y is an implicit function of x. 


For example, such a relation as 


x +y= a 
or ax + 2hxy + by = 0 | 
or xysiny =ytsinx 


give y as an implicit function of x, 
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The differentiation of an implicit function involves 
some difficulties of a theoretical character which we cannot 
consider at this stage. Practically, however, we may 
differentiate the relation between x and y as it ‘stands, 
w.r.t. x, regarding y as'a function of x, and thus obtain 


Ss . The process will be clear from the following 
examples :— 


Ex:—(1) If x? + y? = @?, find 2. 


Differentiating the relation as it stands w. r. t. x 


d d a ie 
dg ENT ae = gC)” 


af AMY Berean ty ton ohh pes @ Tg 
7 Bt aah) ag 2: ey ae ee y § 14 
Fi dy 8 ; 
a 29. AK. 0 
DY 
Ae oy 


Ex. (2) If ax? + Bley + 9 + 2g + 2p + 6 a where B58 Cc, 
I, & h, are constants, find 5 


Differentiating w. r. t. x, term by term, we hav 


2ax-+2h (9422) 4202 ety? y+ om0 


2(ax+hy+g¢ ba (he + by =0 


dy __axthytg, 


dx ha + by +f 
The assumptions made in the process above are that 


(1) the given equation defines y as a function .of 
and that (2) the function so defined has a derivative.: 
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Both these conditions are generally satisfied by such 
equations as we come across in problems of geometry or 
physics. 


16:1. Parametric Equations. 


If y = f (#) and x = 4 (4) we can obtain © thus: 


fl) 


dy _ dy dx .d 
Dax SOD Og GY, v(t) ‘(assuming that ¢’ ()#0) 


dt ax dt’’ dx abe 
Also if y = f(x) andu = (x \ then 
aa” clan 72) 
du. dx| ax (x) ald fc 


Ex... (1) If s=a(0— sin @), =a (1 ~e0s 8), ind ae 


again 8: 5 tma(1—oos0). 
dy _dy(dx casing. 2 bin 00s 4/2 ft 
ae a6] a a@(1— cos) C2 sin O12 Bat 2 


Ex. (2). Differentiate cos? (2x2 — i): with respect to LV =% x 


| dy 
Let y=cos"! (an? - rp and C— i, T= Tees then’ we want Gy which 


dy | du 
is equal to- ae Fe Ae 


ae Bee 4x 7 aN oa 
Now 7 = J TT= (28-1) J (42243) 7 (1-2*) 
du _3(1—) 72-22) =- — 
and 5 ay eam) a ea) V1-# 
dy So" ae gwd Ae BSG 
du J (1-2?) x - 
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This example could also have been worked out thus : 
(cos 26) = 26 and 


Let x=cos6, then cos! (2x2 — 1) =cos7! 
J 1l—x? = siné. 


Now y=26, and u=sin 6. 
_ ay =a du Z 2 


"du do] dg cosd. x 


Examples VII 


Differentiate w. r. t. x the following : 


tan) y?, (2) tan7 +. 
cost JI- we (5) 
(1+ 2°) tans - x (7) 
tan” aa tac (9) 
tan? (, S82) (uy 


7 + 2cos *), 


2+ cosx (13) 


COs 


tan (/1— # tan'x). 15) 


sins +sint V1 - 2 
a) ax | 
an i-e 8) 
-.(2+6 cos x 
tan} ( ———-- 
Gr cos ‘). Eo) 


tan?(=~+_.) F tan™ ( are 


eo) - Sin 24, 


sec! J 1+ x’, 


oe _ 


/1 — x’ sind x -— x. 


tan”! 


sin} ( 


x tan? 


tan™ ( 


bx — a ; 
ax+ b/7 
Lie ay 
1l+27 


x 


cot x). 


-1 
tan J 


sin( 
). 


% 
1l-x. 
- 6x? 
V 448128 


. 


— 


422) 


(25) 


(26) 


(27) 


Y (28) 


SY (29) 
Ww 


(30) 


COMPOSITE FUNCTI 


S. INVERSE FUNCTIONS 79 


= 2 A et : =) 2 dy = _ 2 
If y= 5 /1—+2°+$ sin x, show that 77 V1-x% 
If x=2asin' / y/2a- J/2ay—-y" 


show that S& = 1G “—)- TB. U.T. 1924) 


If y= 


“1 a-b,,. *} 
a aan ary ee ig v 


dy 1 
t gl Cee Se 
show that dx atbcosx 


bot pe dy ali y 
If y=sin (2 sin“x), show that dx -2J 1- =) 


salt UE oe! oe ame 
If y=tan es where u and v are functions of x, 


dy _ Odie as 
show that dk pay 
In x=at’, y=2at,___ prove that . "s | 


ay is inversely proportional to the ordinate. 


3 : ee S ren! ad yet by 1 
x =a cos 9, y= sin ¥, prove that qe ee ay ener 


| ff a dy y\3 
— 3 = 3 ae | 3 
If x= a cos’, y=a sin’@, prove that es (2 ) 


Find that slope of the tangent to the hyperbola 
x? y 
a RF =] at the point (a /2, db), et 
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dy x’ —ay 
fa 3 = i we ot te 
(31) Ifs+y’-3axy=0, show that dx. Pax 


pee 1 .& = 2 
(32) Show that the tangents at the points ee ~ 3) 


1: 2: + t2 Cok aaa ek ee 
and (= ea) to the curve x +xy+y=1 are 
parallel to x-axis. pare oe 
(33) If (a-bcosy) (atbcosx)=a-8, 
Show that SRO A ad ig 
dx  @+bcosx 


~ (34) -Show that :the tangents at te ‘ginis where the 
straight line ax +hy +g=0 meets’ the conic 


ax "4+ 2hay + by? +2gxt2fyte= 0. 7 
are parallel to the x- -axis ; ; and that the tangents at 
the points where the straight line hx + by +f=0 meets 
the conic are parallel to the y-axis. 


(35) Differentiate x sin # w. rt. tan x. 
Atte =1 


| (36) Differentiate tan” w. fr. 3 eg) eee 


J1+x? 


A oh" Differentiat “1 2% ‘glee 
(37) ate sin [a Wt cos" ite 


S68) recta ee Wet: t. Siete ar 


rin al 1 


~, 6 


CHAPTER V 


EXPONENTIAL AND LOGARITHMIC FUNCTIONS: 
REPEATED DIFFERENTIATION 


17. Exponential and Logarithmic Functions 


In the preceding chapters we considered only algebraic 
and trigonometric functions. We propose ‘to discuss in 
this chapter two other types of elementary functions, viz., 
exponential functions and: logarithmic functions, which’ 
play an important part in all branches of mathematics. aa 

17-1. Exponential Function : Any function of the type 
a’, whete a is any positive constant and x is a real 
variable, is called an exponential function :-a is called the‘ base 
and x thé exponentir: 85 EON Ba Te BGs) 

The fundamental properties “of exponential functions 
are expressed by the following equations :— _ res ern Pa 


) (1) aa = a 
Qy ana 
(8) ante a. 


Consider the function a* where a > 1. 

As x increases from — k to 0 and from 0 to +-& where 
kis any large positive number, the function a*. continuously 
increases from small positive numbers to 1 and from 1 to 
very large positive numbers. The same may be expressed in 
as x increases from — © to 0 the function a 


this way; } 
from 0 to +t © 


increases from 0 to 1 and.as % increases 
the function a? increases from 1 to + %. 


¥ 
\ 
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17:2. Logarithmic Functions: If a =x where a<1, 
then y is said to be the logarithm of x to the base a, and 
written as logax. 


Thus a= x, then y= logax. 


It is easily seen that the logarithmic function is the 
inverse of the exponential function (as a’ is continuous and 
increases steadily with y, it follows, by the theorem of § 15, 
that the inverse function exists uniquely and is continuous). 


As a’ =x is always positive for all real values of y, the 


inverse function logax is defined for only positive values 
of x ( excluding x =0 ). 


The function logax increases successively from —- © to 0 
and 0 to + © as x increases from 0 to 1 and 1 to 00, 


The logarithmic function is continuous for all values of 
the variable ( except zero ). 


J 


The fundamental properties of the loparithiiic function 
are expressed by the equations: _ 


(1) logaxy = logax + logay : 
(2) logax™” = m logax | 


and (3) loge = logax —logay. 


The formula which enables us to change the base of 
the logarithms is : 


(4) logar= 108% 
logab 


The proofs of these can be found in any elementary 
treatise on algebra. 
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18. The number e. 
Consider the limit of (1 += y’ as n>, where v is a 
positive integral variable. 
(i) We will first show that (1 + +) increases as ” 


increases but is never greater than 3. 


From the Binomial Theorem for positive integral 
exponent, we have 


f (x) = (1 + +) 
a 1 , mw—-1) 1 , nla-1)(n-2) 1 | 
=l]+y. 1. ee 2 aL. hegee | RR pa sestienies 
| to n+1. terms. 
1 ie Weed VA) | 
=14i+5(1- 2 )+a(1>s rns )to. 


to m+1 terms... (a) 


Now in the series (a) every ‘term is positive and in- 
creases with 7; also the number of terms increases with 7. 
Hence f (n) increases with n. 


Again as (1 = =), (1 re we aise ..are each less than 
1, we have from (a) | io Why ack os 
f(n)<1+1+ > : pare sander ae 
— 1 g 


1 oe 
y! 123.7 TT D22 cad 


i. € = < 55 ~~ for all integral values of r>3. 
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1 1 
f (n)<1 +1434 o9 + op tee tom 


1 : Lv 1 
But I++ ot woe ree 1 59 =(1- a | (-8) 


ie. f (W)<38~- 593 ef (n)<3. 


(ii) We now. assume the theorem : 


“If f (n) increases with n, then as n> © either f (n)>% 
or f (n) tends to a limit. |. 


: Nowa + -) increases, with }; but as it is always 


<3 it cannot tend to infinity. . So the only alternative left 
_ is that.f (7) tends to a limit. 7 deer 


This limit is an. irrational number which we denote by e. 
Def. limit of (1 an ~)' as n> 0 ise 


We have seen that e<3; also it is clear from (a) that 
e>2. Hence 2<e<3. An approximate value of e 
is 2-71828. a! ry 


é 


This number e is found to be the most convenient base 
for logarithms for theoretical purposes. Logarithms to the 
base e are called natural logarithms; e is called Napier’s © 
base. It is convenient to write logex as simply log x. 
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"18-1 We can show more generally that 
1/a 
tim ( ee «) 6 == 40 
a>0 
where the variable a tends to zero in any manner. 
(i) First consider the case when a is positive. 


As 40 we may take «<1. We can then choose a 
positive integer ” such that 


1 | _ 

8 Ty (See Fig. 25 ) 
xx | | 

pry tt de 

Oo , * | 1 
oa 
nen 3 2s 
Fig. 25. 


1 1 
Lott a Sh ides 


~ #4)" (1 bea) Ge 


n+ i) 
as nt l>lla>n 


Now (i4-t)". (at +)" (14 4) 0:1 a5 n> 
by Th. (2) of § 7 and by § 18 
and (1+ —> )=(it — -) / (1+ 1) eal as 


n> © by Th. (3) of § 7 and by § 18, 


a _ 
* (lta) >easn>oi.easa 30 
(ii) Next consider the case when a is negative. 


We take « to lie between 0 and —1 so that 1>1 + a>0. 
E.c, 4 
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Now put 1 +a = 1/(1 +8) so that 1 + B>1 7, ¢, @ js 
positive; and as a->0 through negative values, B>0 
through positive values. 

Now l+a=1/(1+8) a= —B/(1+8) 


j 


. (4 4 a) *=(44) 7%" _ (1 i g)U+ BB 


=(1+8)(+e)" 


Now as 8->0 through positive values we have, by case (1), 
Wp: : 5 ae 
(1 +8) >eand(1+8)71. . 


ro lla | ) 
.. In this case also ( 1 + a) >easa >0. 


1/a | 
Hence lim (1+ a) : = e in whatever manner a0. 
a0 Fy : ee ee 

19. The graphs of y=e* and y=log x. 

~ The graph of y=e* approaches 
the negative end of the x-axis asym- 
ptotically; y always remains posi- 
tive and varies from 0 to + © as x 
varies from —- © to + ©. The 
-graph cuts the y-axis at the point 
(0, 1). The general form of the | 
Fig. 26 graph is shown in fig. 26. 


The graph of y=log x is shown 
infig. 27. It approaches the nega- 
tive end of the y-axis asymptoti- 
cally. As x varies from 0 to + ©, 
y varies from ©to+ 0. The curve 
‘is steep for very small values of x, 
and it is gentle for large values 
of x. 
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It can be easily seen that e* and log x are both continuous 
functions. ; 


20. The derivative of the exponential function 


Let y=f (x)= 
Then Peis e*th 
eth x ee 
i f(xth)-F (x) =e —e =e (eh-1), 
a f(e+h)= SG) ¢ pA 1 
7 
F(a) et. ta 
i th=>0 40 
Now put e- 1=a so that he Ltd andch 3 Jog (L-ta) 
i ileal Wie Oi 1 


| 1 
h . ~ jog (1+a)— Wa log (ta) jog (ta) 7 
But as h->0, a=eh— 130. 


— 


ae eae ae ao ee 
lim—— h = fin Se talie 7 fogs bY SUL. 


h>0 a0: 
ae ha is 
fl (e)=e lim 44 
h>0 


_ ox AY 
os Tfyaey a= 


Cor. 1. Ify=e%, then a = ce™ where c is a constant. 


Put w= cx so that y= e" 


dy ad 
Then gy = = <2. ot 


u cx 
=€ C=C ® 
dx du dx 
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Cor. 2. If y=a*, then “ =a* logea. 


Let a=e° so that c= log.a 
Then y=a*= (e)* = ¢% 


dy 


*. ee by Cor. 1. 


= ce 
= (log a) a* 
The identity a= 88; 1s worth reinembering. 


21. . The derivative of the logarithmic function 


Logarithmic function being the inverse of the exponential, 
We can use the | rule of differentiation of an inverse 


dy [&. 
function, viz. de =] ay 


Let y=log x so that x= 2 7 


ate Ot yd oe, = BINS ; dx i 
dy ashe dx dy x 
“If y=log.x then 2Y = 1 
; dx x 
Cor. 1. If y= logax, then aye oo 
dx x loga 
For, as y= jogs “. X= by def. 
*; =a loga by Cor. 2 § 20. 
ae =1. | dx __ 1 = hl 
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This could also have been obtained by using the formula for the 


change of base of 


y = log, at —— 


a logarithm ['(4) § 17]. 


logex , a_i 


log.a ~ "* “dx ~ loga 4 (log x) = 


x log a 


Cor. 2. If y = log u where u is a function of x, 


then 


dy 
For 23. = 
or 


dy _1. du | 
dx ui dx 
dy du _.. du. by § 14 


du dx “u ax 


21:1. Logarithmic differentiation 


When we 


have to differentiate a function consisting 


of a number of factors, it is convenient to take logarithms 
before we differentiate. 


* n 
Then logy = % 


| the 
* where 21,23......tn ANA V4,V9..0... 


veeeaeVm are all functions of x. 


me | 
log Ur — %& log vr. 
1 v=1- 


Now differentiating w. r.t.. x and using Cor. 2 § 21 we 


-have 
1. ay 
y ‘ax 
Again ify = 


uw” where u and v are functions of x, we 


have log y = log uv’ = 0 log u 


1, @ 
my dx 


du | 
= (tog «) gt? = dx 
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d dv , v_ au 
Ba { oem) te ES 
dv , v- du 
ww { (og) ete’ ae: 


Illustrative Examples : 
Ex. (1) y= e* cos (bx +c) 
This is of the form uv. 
oqo cos ( bx + c) +e" (—sindx+c).5 

=e (acosbx +e — bsin bx +¢). 
Ex (2). y=a% eo, a Oe iB 

| apn emt 4 x | gett 

= (n+ ax) 


Ex. ay: y= — = log tan Xe : 
Put w= tan % SO that y= log u. 


ee a Loe Une Ieee e Fa a laa 


Ex. (4). y= log (etsy 


yaev(2*#)= § log 2 — 3 [log (a+-x) -log (a—2) ] 


Baie ee ee 
dy —? a+x' a—x 4° @-# 


Ex, (5). g=x. . 
Taking logarithms of both sides oes 3 
log y= log x7 = x log x | 


1 dy 1 : ie 
7” = ‘= l.logx+x = on differentiating w. r. t. x. 


d | : 
Fp =) (log x +1) = a7 (log x + 1) 
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(1+-x)-(2+.+) 
Ex. (6) y=V bees (2—x) i. 


Taking logarithms of both sides and simplifying 


log y== 4 [log (1+-x) (2+x)—log (1+x) (2—x)] 
= $ [log (1+x)+log (2—x) —log i x) —log Bo x) }. 


Differentiating w. r. t. x we Mave 
2 ay | =t[as+ mating 553 = 
sae] 


2 ened 

a (127) (4—2?) i 
Ay ay (2 — x7), COB Qn ay. ae 
(l=) (4— =) ata (2+2)] 1” aa et 


ay 1 
Ex. (7), If cg: log (x a PER), then “gx dn Vi+k 


Put U==.%'+ VEER so that y=log ue 


Now ‘ | uxt J 2+k 


Ge eat : 261 ch ae 
ax” ON +R JetR » Ne+R 
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dy 1. du u ae 1 
‘dx ou’ ax” uu’ Stk Sx*+k 
The result of this example is of importance in Integral Calculus. 


Note: The note on Hyperbolic functions in the Appendix may be 


read at this stage. 
22. Repeated differentiation 


f’ (x), the derived function of f (x), is itself a fune- 
tion of x. If f’ (x) is differentiable, we may obtain its 
derivative, which is called the second derivative of f (x), 


and is denoted by f” (x). 


If f” (x) is again differentiable, its derivative is denoted 
by f’” (x) and is called the third derivative of F (x). 


Proceeding in this way we may obtain the nth derivative 
of f (x) and denote it by f ™ (x). 


\ 


As <, D or Dy are also symbols of the operation of 


differentiation, we may denote the mzth derivative of y 

w. fr. t. x by Pet : 
n n 

(-<) y,—%> D"y, or D", y. 


Sometimes y’, y”......y are used to denote 


n 


dy d'y ee: 
oad Tenens <x respectively. 


Illustrative Examples: 
Ex. (1). If y=4 (sin™! x), 


dy 


rove that 9 d*y 
p a —#)og eS 1. 
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Put u = sin7'x so that y= 3 uv? 


dy dy .du_,,__1 


; ax du ax —~ / es a 


(1 — x?) y’? =u? = 2y where y/-= .. 


Differentiating this again w. r. t, x, 
ax? 
Dividing throughout by 2y’, we have 
Ql — x4)y" = x= 1... 
Ex, (2). If y= ax"! + bx, | 


prove that x? a = n(n +.1)y. 3 
Wehave y= ax" + bx” 


O = a(n + 1)x" — bnx™) 


e 
oP, 


PY — a (n+ Vm + bulb Lye 


! ie 
= n(n +1) (ax) + ba") 
et) — n(n + 1) (ax"*} + bx") 
dx? . 
= n(n + 1). 
e . d’y 
Ex. (3). If x3 + 9% — 3axy =0, find oe 


iating w. Fr. t. x: successively, we have 


3(x2+yy! — ay 5) | sesesaeesenennenegens ( i ) 
and 3(2x-t2yy?-b32y!" —2ay’ — ary) —=0uw site upvadmenmnnnee ssssennnnece ot) 


—(ay —x)|(y? — ax). 
From (i) we have y/=(ay—* Wy 
and from (iz) y'=2(ay!— yy? —x)I| y — aX). 


Different 
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ee ae ay—x = (aye 7 — ax) 
y=| a ae » (Pax)? * | or 


= a(ay—22) (?—ax)—y(ay—-¥ P —a(P— ax)? J] ] (?-ax). 
=23ax?y?— axy—ay!—xy'] | (ax)? 
=— 2xy[8+y — Saxyta?] | (92 — ax?) 


3 
rns Gta as +98 —Sary =0 


Of a CE) ie 
= (ax—y 


*22-1 The nth derivative. 


It is not in general difficult to obtain the first or second derivative » 
of a function; but in some cases even these may offer considerable 
difficulty as can be seen from Ex. (3) above. Hence we anticipate , 
that there must be really very few functions which admit of a general 
formula for the nth derivative. ‘We give some examples in which such 


a formula can be obtained. 


(1) y=«™ where m is a rational number. 


\ 


dy ou aa dy = aos . 
We have na min) de m(m—1)x"-? and so on, 


d"y = ' | “n 
a =m(m—1) (m—2)...(m—n-+1)x" 


If m is a+ ve integer, this result is only true for m>n, and 


a i ee a" ; 
i fn>m, then <3; =0; if m=n, —m!—=n J 


(2) y==e* where c is a constant. 


d 
We have =ce™*: =a =c’e™ and so on. 
a"y 


— =c"e™* 


ax” 


and so on 


so that 7” —g+Pandtana = 
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Cor. Ify = a’ fas we 208 a , a xi OK 

d"y ” xloga 

ax" = (log a) e = (log a)"a*. 
(3) y=sin ( ax+ b). 
Here aren (ax + b)=asi n 

ay. + % )=asin( ax+5+3) 

2 


y . 
 Ga= a’cos (ax +6+ oa = a’sin ( ax +b+ 2 


i 


Coy aah 4 T 
Gr = asin (ax +b +05), 
Similarly, if y = cos (ax++5), then 
avy on a =) 2 ay 
Gam Pe0s ( ax +b-+n5), ie 
y=e™ sin (bx + 0). | 


We have y? =e™* [ a sin (bx-+e)-+b cos (bx-+c)] 


Putting a =7 cos a, b =rsinag 


a | o& 


, we have 


2 = ve", [ sin (6% + c) cos a+. cos (bx + c) sin a] 


— re” sin (bx + ¢ +a) where 7, a are constant 


a? a a2 oi Je 2a and so on. 
Similarly 53= Pe" sin bx Fe + ) 


d”y __ ng sin(bx + ¢ + ne) where 7 =Va+h 


dx" 
ard a = tan"! B/a. 
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We can show similarly that if | 
y = e* cos (bx +c) 


then Oar cos (bx + c+ na) wherer =J/a? + B : 


and a= tan"! dja. 


1 
6) y= aap 
Here Wb @y _(— pp) _(— 1% (+1) 
dx (x—a)P* dx (xa)? (x—a)pr? 
and so on 


a"y —< ( pare 1)*b(b-+1)(b+2).........(p-+n—1) 
ax” (x—a)P* : 
Cor. If y=log (x-+a) 


Oo &) wr (—1)"1 1-23.00... (n—2) (n—1). 

ee xt+a s -«.+tar. °°." 
_ (=)"n-))! | | 
“—  (#-+a)" | 

*23. Leibniz's Theorem 


If y= uv where uw and v are functions of x, the following theorem 
named after its discoverer, gives us the nth derivati i 
afte ve of yint 
the derivatives of u and vy :-— - —o 


D* (uv) =vD"'u+,,C\Dv Dut yCoD-uD™ y+... ey 
+ nC-D,v Dy_u-+ nU°u....(1) 
where Cj, Co 


We have D (uv)=vDut+uDy 


D*(vv)=vD24 +2DvDu+uDy, 
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We can now prove the rule by Induction. Assuming the result 
to be true for m, we shall prove it to be true for (w + 1). 


Thus differentiating both sides of (1), the coefficient of D” uD"*1",, 


in D"? (uv) is seen to be nC, + nC,.1=y,Cr by a well known result 
in algebra. 


D"™ (uw) =u Dla + ... + 44.C,D" vD™!7 ut... 
DIOR Y tiscnestMincapesccictevslees (1) 


Now (I’) is the same as (1) with 2 + 1 replacing n. 


So that if (1) is true for x, it is true for 2 + 1; but we have seen 
it to be true for n=1, 2. 


*. It is true for x =3 .. for-n=4 .«. n=5 and_so on 
It is true for any positive integer 7. oye 


a”y 


Example + ‘it y=e%* 4 where u is a function of x find — aa 


a") _py ( e%* u)=u: D* e*-+nCyDu. D*-} e+... 
ax, - . 


seeeeetnCr Df? uD"? e*-+......D" u. 6% 
= ua* e* + nC, Dua"). e* +... 
veeeee ENCYD” ua?” eM -+...000+D"U 0%. 
=e fate nCya™ Dut ..ceee 
wee tenCra’® Dut... +D*u). 


We may write this symbolically in the form 
dy _ os [ghenCya"™! D+ nCya"? D?+...tnCpa'r Dit... Die 
ae 


=e" (D+a)u 


98 ELEMENTS OF CALCULUS 


Examples VIII 


Differentiate w. r. t. x the following: — 


(1) &* (x+o)", A) xd! mc) e%% sin (Bax +1), 


/ 4) SH (5) ee 0 gis 
ee yin 1+ vx 
(7) lee (8) Jog—*> 2: @) Joes ve 


ec) log (sec pie x). | se log. ( COs x). 
(12) logv (28m) - 3) sin 


1+cosx 


dog { Vx=a' +, Jx— BI. (15) eo! JI 
. we rT f{ ates ee . en 
log tan (3° + FY) (7) x Jeti — log fx + V+), 


2oin (log x). 


oe. : (19), sin’ log # jot (26) 


eee nN ee ee tan x. 
lo AT NOTH ) 
g af JE+R. | (22) (sin x) | 
Bs a 
cos x - x/b. . 
Pd irs (24) (1+a) / { 
Ses) logax. (26) logya. X27) log (log x). 


(28) logio ogsor)y (29) ( sinx ) + zune (30 0) a log poe 
x 


(31) zits, 32) g Gtatl 2 an! J 3 
(32) Albog © +77 ta 1-4? 


V. (33) If y=A cos mx+B sin mx, oe that a + m’y = 0. 


(34) If y='sin (log 4), show that 22 22 +5%%4 yFo 
dx" dx? 


(35) 


(36) 


*(43) 


*Nole ;—Examples marked with 
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If y=tan™ x show that (1+ 2 + axe = ()- 


If y=(A+Bx)e"*+ (11 — 1)e*, show that 


dy 5, dy 
dx” 2m 


If y=(x+ Vx? - 1)”, show that 


+ m’y = é. 


(a? - 1) +22 _ my = 0. 


If y=acos (0+c)+b sin (6+¢) 
and x=asin (Q+c)—bcos (6+c), then 
show that i pee = vy. 

ax oy 
Express in terms of the derivatives of u, v, w with 
respect to x, those of w?v*w, u”, (logwu)”. | (M. T.1. ) 
If +y' =3ax’, prove that | 


d’y 2Qa°x? aa. 


dx y? 


os x =cos 9, oe = sin’, show that 


ay) + yo J =3 sin’0, (5 cos’0 — 1). 


: Le. 
Prove that the th derivative of woe is 


1 (- yt. , . 
% (n!) | Goyeart (1- ae . ; fy / 
: 1 -tf tt ate 
Hint: gop"2 tise ite) 8 pS 

x | AK 
Find the nth derivative of G3) @+1) | | / 


* may be omitted by Inter. students | 
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*(44) 
*(45) 


*(46) 


*(47) 


*(48) 


(49 ) 


(50) 
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Obtain the mth derivatives of x* cos x and eé* log x. 


By obtaining in two different ways the mth deriva- 
tive of x” prove that 


n . n(n-1) , wW(n-1)(n-2)? _ (2n)! 
Ltt eg ft qaonge ~ (nl)? 
(Lamb ). 


If yas show that 
aa. on n(n? — 1) 
D'y"=G Ld + Sys we Se ee A 


a aot ee 


+ 17-2?.3? 


If y=sin (m sin™x), prove that 
(1 —x°) D’y —xDy+m’y=0; 
and differentiating this ” times by Leibniz’s Theorem 
show that 
(1 ~~ x?)D"**y — (2 +1)xD**1y + (m? — n°)D"y = 0. 


\ 


If y= gan *, prove that. 
(1+) D??y - {2(n+1)x-1} D"™Yy +n(2+1)D"y= 0. 
If y=x"e*, show that ; 

D*y= n(n 1) D*y—nln—2) Dy +2(n-1) (n-2)y. 


If y=cecos .( J/n?—kt+a) where c, k, n, a are 
constants, show that 


CHAPTER VI 


APPLICATIONS OF THE DERIVATIVES 
24.. ‘Tangents and: Normals 


We assume’ the 


following result from Analytical 
Geometry :— , 


(1) > The equation of a straight line of slope m, passing 
through the point (4, 9), is y—-y.=m (x-% ). 

(2) The angle between two straight lines, whose slopes 

m—m!' 

1+ mm! 

and (3) Two.straight lines having slopes m and m’ are at 

right angles to each other if mm’ = — 1. 

We can now write down the equation of the tangent at 
a point (x, y;) on the continuous curve y=f(x). For, in 


§ 10 we saw that f’ (x) or-&-respresents the slope of the 


are m and m’ is tan™ 


tangent at point (x,y) on the continuous cures y=f (x). 

Hence the slope of the tangent at (m, y) is f’ (m). The 

tangent also passes through (*, 1). Its equation, therefore, 
is by (1) above Re a Son, re 

‘yy =f! (a): (4—m) spaueees cebeuee Vee cewuee ( 1) 

Def. The normal to. a curve at any point P on it is 

the straight line through P at right angles to the tangent . 
to the curve at P. 7 | 

By (3) above, the slope of the normal at (4, y) 

and the normal passes through the pt. (m1, v1). 


ists 
J’ (4%) 
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Hence, by (1), the equation of the normal at (m, y,) is 
1 
—")= a7 (4x 
(y-y) re ( 1) 


te. (yy) Sf! (ar) 41) HO eee eee ee (ii) 
24-1 Sub-tangent and Sub-normal ) 

Def. If the tangent and normal at P to a curve meet 
the x-axis in T and G eM and if N is the foot of the © 
ordinate of P, then 

the segment TN is called the sub-tangent ; 
and the segment NG is called the sub-normal. 

The segment PT, PG are also‘sometimes called the 
tangent and the normal respectively. 


y 


Tesub-tangenteNe--sub-normal “3G  “# 
Fig. 28. 

It ig easy to see from geometry of the figure that the 

fia: J1ty” 


tangent PT = PN cosec # = y————>— y" 
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The normal = PG = PN secH = y Vl +y" 


The sub-tangent TN = ycot ¢ = y 
The sub-normal NG = y tan ¢ = yy’ 
where y’ = o = tan¢ [ See fig. 28. ] 


Illustrative Examples 


Ex, (1). Consider the parabola y? = 4ax.. 
. ae ) , dy dy 2a 
Differentiating w. r. t. x, we have 2y le ‘; 4a cn Fee a 
.. The equation of the tangent at (1, , ) on the parabola is 
2a ct, : 
y-n = —" (* — %1) 


i.e. yyy = yr= Qax—2axy 

i.€. Vy = 2ax + yy" — 2axy ' 
= 2ax + 4ax;!— 2ax,.as (x, y) is on the parabola. 
= Zax + Zaki erint 


yy, = 2a (x + x1) is the equation of the tangent. 


Similarly, (y — 1) (=) +(x —%)}=0 is the equation of the 


normal. / 


yo 4axy 
The sub-tangent =)1' 57> = 9¢ oq — 2X1; 


| 2a ‘ 
The sub-normal = 9, 5 = 2a =a constant. 


That the sub-normal is constant is a characteristic property of 
the parabola. 
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Ex. (2). Take next the ellipse = ne oe =1. 


OK +09. dy __g. 
Differentiating w. r. t. x, we have + BR dx 
dy Pk, 
dx @ y 


. The equation of the tangent at (%1, y, ) on the ellipse is 


Px 
iene Sa 
Nemes a gS 


i.e. (mp) tiem) (B)=8 


YI xy: OMT Siu) a —1as (4%, 91) is on the ee aa 


q. é. Be az — 


he 


oa + ay = 1 is the equation of the tangent. 


Pe 
aan 29 a 
JVrn= pe (4 — m1) 
i. € - nye =; (*— 1) 
yo? xa” nn oe 
—— b a 
i. € 1. 
2 2 
s:  eas b? is the equation of the normal 
8 | VM 
_ ay, ay? 
The sub-tangent = y; ( Br, ) mee 
bx} i 
The sub-normal = yy" ( = Fy) = ae “Xi 
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If we take the co-ordinates of the point on the ellipse in the form 
(a cos 6, b sin 6) we get 


the equation of the tangent as 7058 + ae 1 


b 
and the equation of the tangent as -2%. — 99 —,2_ 42. 
cos. sin é 


Ex, (3). Prove that ( = )"+ ( 7 \= 2 touches the straight line 


a|s 


» . 
+ >= 2 at the point (a, 5), whatever be the value of . 


Differentiating w. r. t. x the equation of the curve, we have 


Cran Co mre 
Bab (4 as _ Ob ay 
dx 
.. Slope of the tangent at (a, 6) = value of o when x =a, y=b. 
2° ae ,) Edi 1 I 
2 De | 
=-— | 
.. Equation of the tangent at (a, 5) is 


b 
y-b=— -e (~—@) 


—b , x-@a 
1.€. — — a =0 


* 4. 2h 
i.e. ge hs ase 


This equation is independent of 1. Hence the result. 


Ex. (4). Prove that the sum of the intercepts on the axes of any 


e 8. 
tangent to the curve x + y =a is constant. 
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Differentiating w. r. t. x we have 


—3 —tdy 4. dy ease ya 
tx ~ +hy ee a ax: xk 


. Equation of the tangent at (%, 91) on the curve is 


gn 389015 git 
aw aaa Agee 


y= a asd Cea 


os Ms 

y x Y zg 3 , 

1.€. — 4. —_=4%,. —q™” as (x1, 9) is on the curve. 
ng as Bik Fee oe et 


Now the intercept on the x-axis (obtained by putting y=0) is 


3 3 gh i, ce ae 
a@ x, ; and that on the y-axisisa’ y 


Sum of the intercepts = F a +a ne gt ( oo + ) 


. oe : ' “2 i r 
ag : at from the equation of the curve 
=a! a constant. 


24:2 The angle between two curves. 


Def. The angle between two ‘curves at a point of 
interesection is the angle between the tangents to the two 
curves at that point. 


Ify = f(x) andy = ¢$ (x) be two curves and if (my) 
is one of their points of intersection, then 


m = = slope of tangent at (, y) to y = f (x) 
re = f’ (x) . 


= slOpe of tangent at (x1 y,) to y= ? (x ): 
= ob’ (x). 
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Hence, by result (2) from analytical geometry quoted 
above, the angle between the curves at (x 91) is given by 


~) 7 ee dp’ ' 
tan aw) where f’ = f’ (x) and ¢’ = ¢’ (x’). 


Example: Find the an 1 | 
_ «Exe gle at which the parabola 52?=-x and the 
semi-cubical parabola y = x3 cut at the point (1, 1). : 


Differentiating w. r. t. x the equation y? = x we have: 


dx " dx 2y 
Slope of tangent at (1, 1) aot. — i 


Again differentiating w. r. tx the equation y? = x3 we have 


dy _ dy 3x2 
2y —— = 3x? Pi edt 
4 ax 3% ax 2y 
*, Slope of t 2 (yi 8 . 
p angent at (1, 1) 2(l) 2 
If ~ is the angle required. 
1_3 : 
TCA ee eee 
pei ne Re 
2" 2 4 
® 


Here the minus sign indicates that we have obtained the obtuse 
angle between the tangents. 


If a’ be the acute angle between the tangents, 
tan a! = tan (7— a)=—tan a=7, 


The acute angle required=tan"! 7 
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Examples 1 to 20 from Examples IX may be worked out 
at this stage. 
25. Meaning of the sign of the derivative 


If f’ (a) is positive, then f (x) <f (a) for all values of % 
less than a but sufficiently near to a, and f (x) >f (a) for all 
values of x greater than a but sufficiently near to a. 


f' (@ = lim {f (ath) —f (a) }lh ash —> 0. 


» {f(a+h)-f (a) } must have the same sign as h for 
sufficiently small values of h 7 | 


if h is positive and sufficiently small, then 
{ f(ath)- f (a) \ must be positive ; 
~ie f(ath)>f (a) 
i.€. f (x)>f (a if x >a but sufficiently near to a 


._ If, however, h is negative but sufficiently small then 
f (a+h) - f (a) must be negative. 


ie. f (ath)<f (a) 


1.@ f (x) <f (a) if x<@ but sufficiently near to a. 
Thus the result‘is proved. 


. 25-1. If f’ (a) is negative, the f(x) S$ f (a) according as 
x = a for all values of x sufficiently near to g, 


If f' (a) is negative, the -_ | 
’ n for 
values of h, sufficiently small 
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{ f(a+h)—f(a) } and h must have opposite signs, 
if h is positive { f(a+h) —f(a) is negative. 


i. €.f (ath) <f(a) or f(x) <f(@ if x >a but suffici: 
ently near to a; 


jand if h is negative f (a+h')-f (a) is positive ; 


es Na) 2 a) or f (*) > f (a) if x < a but 
sufficiently near to a. 


Thus the result is proved. 


Geometrically, .if f’. (a) is- positive, the tangent to the 
curve y=f(x) at the point \a, f (a) \ makes a positive acute 
angle. with the positive direction of x-axis; and if f’ (a) is 
negative, the tangent makes an obtuse angle. | / 


25-2 From the . results already proved geometrical 
intuition suggests the further theorem that : 


(i) if f’ (x) is positive for all values of x in a certain 
interval (a, 6b), then f (x) increases as % increases” 
throughout that ‘interval : 


and (ii), if f’ (x) is nepatine for all values of x ina cértain 
interval, then f (x) decreases as x increases 


throughout that interval. 


We shall assume the truth of this theorem without a 
formal analytical proof. | 
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Note: Sometimes it is carelessly stated that ‘if f/ (a) is positive 
then f (a) increases with x in the neighbourhood of *=a.’ This is 
not correct. For if x), %, are two values of x in the neighbourhood 
of x==a such that x) > x1 > @ we cannot say that f(x.) > f(x) simply 
from the fact that f/ (a) is positive. What we have proved above 
only enables us to say that if f’(a@) is positive f (x, i? f (a) 
f(*%1)>f (a), but we cannot say anything about the relative magnitudes 
of f (a1) and f (x2). 


Illustrative Exampl es: 


Ex. (1). Show that x > sin xfor0< x <2a. 
' Consider f (x) =x — sin . 
Then ff! (x) =1—cosx > Ofor0 Cx < an. 
Be (x) steadily increases with x in (0, 2.1) 
" But f (0) ak 0 . ( assuming sin 0=0). 
| f(x) is always positive in (0, 2 2) ; 


iex> sin x for0 <x 2m. 
The result can be extended to all positive values of a, 


Ex, (2). Show that tan x > x for0 <x < z/2. 
Consider f(x) = tan x—x, | 
| Then f' (#) = secx—1 = tan’x > 0, ford <x < #/2 
oF) steadily increases with x in (0, 3/2 ’ 
Now f(0)=0 ( assuming tan 0 = 0). 
“. f(x) is always positive in ( 0, #/2 ). 


we tanx >xfor0Ocx< 1/2. 
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26. Maxima and Minima 


A maximum value. of a continuous function f(s isa 
value which is greater than the values of f (x) in the immediate 
neighbourhood on either side. : | 


A minimum value of a continuous function f (x) is a 
value which is less than the values of f (x) in the immediate 
neighbourhood on either side. 7 


Or more formally we may say, 


Def. f(a) is said to be maximum of f (x) if we can 
find a positive number ’3 such that f (a) > Sf (x) for all values 
of x in the interval (a—8, a+ 5) excluding the value x =a; 
and f (a) is said to be a minimum of f (x) if we can find a 
positive number 8 such that f (a) < f(x) for values of x in 
the interval (¢—8, a+) excluding the value x = a. 

261. We first prove that — bcpaseati tien # 

A necessary condition for a maximum or minimum oF + 
f(x) at x=ais that f' (a) =.0. nied 

To prove this we assume that f’ (x) exists at x=a, 
Then either (i)f’ (a)>0 or (ii) f’ (a)<0 or (iii) f’ (@ =0. 

(i) Iff’(a)>0, then for values of x greater than but 
sufficiently near to a, f(x)>f(a) | ae by § 25 

ie fF (a) cannot be a maximum if f (a) Z 0 

(ii) If f’ (a)<O0, then for values of x less than but 
sufficiently near to a, f (x) >f (a) z by § 25.1. 

f(a) cannot be a maximum if f’ (a)<0 

Hence if f ( a) is to be a maximum, the only alternative 
left is (iii) 2. ef’ (a) =0. oaks . 

-- f'(a)=0 is a necessary condition if f(a) is to be 
maximum. : 


112 ELEMENTS OF CALCULUS 


Similarly we can show that f’(a)=0 is a necessary 
condition for f (a) to be a minimum. 


*. f’(a)=0 is a necessary condition for f (a) to bea 
maximum or a minimum. 

26:2 The condition f’ (a@)=0 does not, however, 
determine whether f(a) is a maximum or a minimum. 
Hence further conditions are necessary. We enunciate 
for this purpose the following :— 


(1) f(a) is maximum of f (x) if 


(i) f’(a)=0 
(ii) f’ (x) > for all % <a but near to a 
and = (iii) :«~f’ (x) <0,, i) ae 
e f=0 - (i) is a __ necessary 
iy condition : 
: ) (ii) ensures that f (x) 


is increasing with 
xin (a-3, a) 
by (i) § 252. 
i. &. f (a) >f (x) for 
: all x in (a—3, a) 
and (iii) shows that f (x) 
decreases as x in- 
creases in (a,a+3) 


by (ii) 25-2. 
ie. fla)>fi x) for all x in (a, a+). 
.". aa 3, a+) 
except * =a. 


Hence, by definition, f(a) is a maximum of f (x). 
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(II) f (a) is a minimum of f (x) if 
(i) f' @= 
(ii) f' (x) < 0 for all x <-a@ but near to a 


(iii) f’ (x) >0 


- 8Su 


9? 


(i) is a necessary 
condition ; | 
(ii) shows that f (x) 
decreases aS % in- 
creases in (a—5,q) ; 
i. €. f (a) <f (x) for - 
all xin (a—-38, a); 
and (iii) shows that f (x) 
increases with x in 
(a, a+3) 
Fig. 29. (a) i. €. f(a) <f (x) for 
of all x in (a, a+5). 


If‘all the three conditions are satisfied, then 


f (a) <f (x) for all values of x in (a—3, atd) except x= a; 
and by definition, therefore, f (a) is minimum of f (x). 


Figures 29 and 29 (a) illustrate this analytical discussion 
of the conditions for maxima and minima. 


The result may be briefly stated thus :— 


If the sign of f' (x) changes at x=a from positive to 
negative as x increases through a, then f (a) is a maximum ; 
if it changes from negative to positive, then f (a) is a 
minimum. 


If f’ (a)=0 but f’(*) does not change sign ‘at x=a, 
then f (a) is neither a maximum nor a minimum. 
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26:3» Another way of expressing the conditions for a 
maximum or minimum. 


We assume that f” (x), the second derivative of f (x), 
exists. ! 


The conditions for maximum or minimum may now 
be expressed as :— 
(1) f (a) is a maximum if (i) f’ (2) =0 and (ii) f” (a) < 0 
and (II) f (a) is a minimum if (i) f’ (2) =0 and (ii) f” (a> 0. 
For If f” (a) < 0 then f’ (%) $ f’ (a) according as x 2 a 
for values of x sufficiently near to a; io vev, L, DY: § 25 J 
but f’ (a )=0. . f’ (%) S 0 according as x 2 a. 
But these are just the conditions (ii) and (iii) of (I) o 
§ 26-2. | | ‘ 
If f’ (a)=0 and f” (a) < 0, then f (a) rE a maximum. 
We can similarly prove that | 


if f’ (2) =0 and f” (a) > 0, then i (a) is a minimum. 
Iff’ (a)=0 and f” (a) =0 also, further investigation 
is required. (See § 27). 


26-4 Working rule. In solving Htobleris on maxima 

and minima, we follow some such procedure :— _ 

1. Express y, the quantity or number whose maxima 
or minima are required, as a function of one indepen- 
dent variable, say x. Let y=f (x)- be. the 
function. 


By differentiating f (x) w. r. t. x obtain f’ (x). 
Obtain all the values of « which satisfy f’ (x) = 
Let a, D, ¢...... be such values of x. 


If some of these values are inadmissible owing to 
the nature of the problem, they should be rejected. 
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Lastly either (4) determine the signs of f’ (a—h) and 
f' (a+h) for small positive values of h: 


if the signs are + and — respectively the f (a) isa 
maximum ; 


if the signs are — and + respectively then f (a) is a 
minimum ; 


or (4)’ obtains” (x) by differentiating f' (%) 3. 
if f” (a) is negative then f (a) is amaximum: 
if f” (a) is positive then f (a) is a minimum. 


Step (4) or (4)’ should be taken for all admissible 
values a, b,:..... eens , 


Note 1.— If should be noted that when defining a maximum or 
a minimum we consider only values of the function in the immediate 
neighbourhood. Hence a maximum value is not necessarily the 
greatest value, nor a minimum’ necessarily the least. value of the 
function. A function may have several maxima and several minima; 
and it may happen that some particular minimum may be’ greater 
than some maximum ; é,g. the minimum at S in fig. 30 is greater 
than the maximum at P.: he ee 


4 


@ 


Fig. 30 . 
Note 2.— Although f/(a)=0 is a necessary condition for f(a) to 
be maximum or minimum, it does not follow that every vaule. of x. 
which satisfies the equation f/(x)=0 must give either a maximum 
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(x)=0, but f (x) has.neither | 


or a minimum; e.g. at U in the fig. 30 f’ 
(x) does not change 


a maximum nor a minimum, At such a point f/ 
sign. 

Def. The maxima and minima of a function are 
together known as the zurning values of the function. 

At a turning value the function either changes from 

increasing to decreasing or vice versa. 

Def. Values of f(x), for those values % which 
make f’ (x) =0, are called stationary values of Fix). 


27. Point of inflexion on a curve 


A Point of inflexion on a curve is a point at which 
the curve crosses its tangent. | | 
Consider a curve, having minimum ordinates at A 
and C, and a maximum ordinate at B. In the immediate 
neighbourhood of A the slope of the curve increases with % 
¥y 3 \ 


Fig. 31 
in the immediate neighbourhood of B the slope decreases 
with x. Hence, if the slope..is continuous, it must have 
changed from increasing to decreasing at some point P on 
the curve between A and B: 7, e. the slope must have a 
maximum value at P. 


Similarly, the slope, if continuous, must have changed 
from decreasing to increasing at some point Q on the curve 
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between B and C:i.e. the slope must have a minimum 
value at Q. 


Geometrically, when the ‘slope increases with x the | 
direction of the tangent moves anticlockwise; and when 
the slope decreases as x increases the direction moves 
clockwise. At points where slope changes from increasing 
to decreasing or or vice versa, the tangent changes its 
direction of rotation; and the curve at such points appears 
to have crossed the tangent. 


Thus, points like P, Q on the curve where the slope 
has a turning value are points of inflexion. 


Analytically, the conditions for a point of inflexion 
on the curve y=f (x) are the same as the conditions that 
f' (*) should have a turning value; thus there is a point of 
inflexion at «=a, if | 


(1) f” (a)=0 and (28) * fu! (a)20- by $263. 
The condition ( 2 ) may be replaced by 
(2) f! (x) should change sign at x = a ig § 262. 


If f’” (a@)=0 also, further investigation is required to 
determine the nature of the point. 


If f’(a)=0 and f” (a)=0 but f’” (a)40 (see end of 
§ 26:3 ) then x =a does not give a maximum or minimum but 
oint. of inflexion, the tangent at which is parallel 
U in fig. 30 or point R in fig. 31). 


gives a Pp 
to x-axis (see point 


Illustrative Examples. 
Ex. (1) Find rectangles of. least perimeter for a given area. 
Let a? be the given area; and let y be the perimeter which is to 
bea minimum. Leta >0. 
' EC.5 
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Let x be the length of one side of the rectangle; then as the 


2 
7 a 
area is a’, the other side must be-- Now we have to express y as 


a function of x [See. (1) of § 26-4]. This is easily done, for 


| oa 
= perimeter = af Cs ) =f (x) say 


fi @=2(1- =) [See (2) § 26-4 


fl (*)=0, ice 1 “7 = 0 gives x=rka [See (3) § 26-4] 
As the side of snes aneeme be ++ ve we reject x= — a. 
To examine: x=a further, we obtain be (x) and consider its sign 
as ”y § 26- abe CRE Rast 


oc 2 Cee Ogee : 
fl" (x) = +o “i! (a Sat which i is + ve. 
foe ib jo igen, - 
Thus ie perimeter is ‘minimum when - ‘% ==, 1.°C when the 
rectangle is a square. . ; 


Ex, @). Find the maxima and n minima of 
— 14%? + 24x45, | 


Find also the points of inflexion on, the curve 
} yet UMP $245, 
- Let f (4%) = x4 — 149? + 24e 45, | 
Then fl (%) = 498 — 28% + 24=4 (43 — 7x +6) 
fl" (x) = 12x? ~28 = 4 (3x2 — 7) 
fl (x) =e 2d | 
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Now to obtain maxima and minima we consider f’ (x)=0 


i. @. 8 —7x+6=0 
ive. (x1) (2+4-6)=0 
tie, (x—1) (x—2) (x+3)=0 

: 'g==1, 2,—3. 


Now to determine whether. these give maxima or minima or 
neither’ we consider the signs of y (x) for these values of x. Thus 
asf! (xj=4 (32° —7). 


fl) 4G N=-16=~ve0 4. ¢() isa maximum, 
QR) S42 ~)=+20=+0e 21 isa minimum, 


| ft (-3) =4(27— De tier tte, ate “f(- —3) isa minimum, 
Now if (1)}=16,f(2)=18, f+ 3)=-112 iets 
16 is a maximum value and 13 and —112 are minima. 
Next to obtain the > points of inflexion we consider ie 
ue (x) =4(82 — 1=0.. 


PEN, Be Mt se 
and yn Mm: (aati te if m (i is not zero at these aS 


esi 4 7 give two points of inflexion on the curve. 


‘ea 
Ex. (3). Find the i maximum and minimum. values of coed where 


ad— bc#0. 


arth 
Let). 2) f(#)= etal 


: ahaa +d +6) 
Then pay deed age 


__ad— be 
~ (cx+d)? | } 


. f/(x) is not equal to zero for any finite value of x 2 e& 


arth, has neither a maximum nor minimum value for any value of +. 
cxtd 
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Ex. (4). The strength of a rectangular beam varies as the product 
of the breadth and square of the depth ; find the breadth and the depth 
of the strongest rectangular beam that can be cut from a cylindrical log, 
the radius of whose cross section is 7. 


Let x be the breadth and y the depth of the beam, then as the 
cross-section has radius 7 


2 (27 PHA? serereeerranenes Cl). 
and if S denotes the strength of the beam, then S o xy. 
i. e. S=kxy? where k is some positive CONStANtseo.seeeeeee (2) 


Now S is to be a maximum ; but S is expressed in (2) as a function 
of two variables, x and y. These two variables, however, are not indepen - 
dent. They are connected by relation (1). In such a case, if it is possible 
to eliminate algebraically one of the variables without much difficulty, we 
should do so before proceeding to consider maximum or minimum 
values; if, however, elimination is not easy we may differentiate the 
equations as they are, regarding only one of the variables as independent- 
We show both these processes below.— 


Using (1) to eliminate 9? from (2), we have 


S=hkx(4r?— x2) =k(472x —x*). 


a = (47? 322) 
d — — 6kx 
Now & =0 when a= 4 i. é. Ke x 
As x must be positive we reject the negative sign ; 
when = ay si = —6k. S which is— ve, 


ge Se ivesam iS: 
= 73 BV ax. of S; 


2r ‘ 2 
when w= 73? y= V(t? —a)=y/ (47 3 =v 


~ 
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. Breadth of the strongest beam is 3 times the diameter and the 


depth is / 3 times the diameter of the cross-section. 


Otherwise : 


Differentiating (1) ‘and (2) w. r.t. x, regarding y as function of x 
given by (1), we have 


2x + 2792 =0 
aS _, (yp dy 
and dx =k (y + ray) 


Now eliminating y and a we have 


ao =k (47 - 2 +% ( ~2%)\=R ( 472 — 4x?) 
We may now proceed further as before... | 
Ex. (5). Find’ the ‘point on a given st. line such that the sum of its 


distances from any two fixed points A and B is minimum. 


Take the given line as x-axis and. the perpendicular toit from A 
the y-axis.. Let thé co-ordinates of 
¥ A be (0, a.) and of B.( hf, F ). 


[ See fig. 32 ]. 


Let P bea point on Ox such that 
OP =x. 


Then 
AP+PB=Va@+e+V 2+ (h—x)® 
=f(x) say. 


We want to find when f(%*) is a 
Fig. 32 minimum. 


pwn = = ‘h-% 


Jete Ve+( hon? hone — cos B 
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9 he 


f"O=CG ay yn t [fot (h—xy 3? 


a k2 
= aps BPS 


- f! (x) =0,ifcos a= 


cos B 2. if AP, PB make equal angles 
with the given line ; 7 : 


and f” (x) is + ve, so that f(x)isa minimum. 
- AP + PB is minimum when AP, PB make equal angles with 
the aun line. 


Geometrically : P can ahe fatind thus Take A’ the image of A 
in the given line. Join A/B cutting the given line in P; then 
P is the point required. Proof follows from the fact that AP + 
PB = A/P + PB =A’B and the fact t that one side of a triangle is less 
than the sum of the otnety two. cP pel ; ; 


Ex. 6) AA is the major axis of ¢ the ellipse * + +25 = 1:.and, .PQ 


is any chord ‘parallel. to AAI. Prove that the maximum area of the 


trapezium APQAY ey a ab. 


If P is (a ‘cos 6, ; sin 0) ‘then the perpendicular distance between 
AA’ and PQ is. b sin: 
‘Aven 9 (KA! Luana 
= 4( 2a +24 cos 8 )b sin 6 
= ab(-sin 6 + sin 6 cos 6) =f (6) say. 
f' (6) = ab (cos 6 + cos% — sin’6 ) 
= ab ( 2 cos’ + cos 6 — 1) 
= ab(2cos8 —1)(cos6+1) 
f" (6) = ab ( — 4cos 6 sin 6 — sin 6) 
= — absin6 (4 cos 6 +1) 


! 


Now f’ (6)=0 gives cos 
cos§+1=0 gives 6=r; 
max. area ; SO we reject thig 
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6-+1= 0 or cos =}. 
this makes f (8) =0 which cannot be a 


Taking cos 6—=3, we get 6=7/3,. 


For this value f” ()=~ap V3. v3, ‘(4.54 Le = 


S=r/3 makes f (8) max. 


Max. aren = no) =a (4.4 BAR 3)= ovis ab. 


ESQ). 


vertical sides. 


An open tank of assigned volume has a square base and 


depth to the width i is 3. 


If the inner See is ‘the: least possible, the: ratio of ° 


' a) ’ ‘ y Vv 
“Let x be the wit, V the casigned volume, then the depth 1s 5 


pebeel peat 
tf fey 


miner cunts Ya oe lee =f @s say. : 
a = =2n- eo) a ay aie 
2 - +5 


mi Now f10)= =2x me 0 if =o. aa ah 


| | ‘For this value ji (j=2+4=6= ‘+e 


=v ybgives ak a min. 


: depth= — ave = ievyiat ce a 
width "2 | | 
Ex, (8). Find the points of inflexion’of the curve 
y = sin x 
| f()=sinx ~.f! («)=c0s x, f(x) =- sin x, fl’ (x) 22, GOS & 


Now f” (x)=0 chad sin x=0 i. e. when x=0 or ur; 
fl’ (x) does not vanish for any of these values. 
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give all the points of 


x=0 and x=nmr when is an integer, 
where y=sin x 


inflexion. At these points y=0. Hence all the points 
crosses the x-axis are points of inflexion on the curve. 


Ex. (9). Find the points of inflexion, if any, of y=x‘. 
f (=x, fl (x) = 428, f” (\=108, f/ (x)= 24x. 

Now _f” (x)=0 gives x=0; but when x=0, f”” (x)=0. 

So we cannot say from this test whether x=0, gives a point of 


inflexion. But if we consider signs of f” (x) for values of x a little less 
and a little greater than 0, we find they are both + vet. é. f! (x) does: 


not change sign .. x=0 does not give a point of inflexion. 
There is no point of inflexion on the curve. 
Ex. (10).. Show that the graph of y=e* has no point of inflexion 
f (x)=e? 5 fl (xe? ; fl (x) =e". 
Now e” is*Aot pee for any finite value of 4. 
eitwed f’ (x) nor f” (x) vanishes for any finite value of x. 


y=e" has no point of inflexion or maxima or minima. 


Examples [X 


() Find the equation of the tangent at (€, 7) on thes 
v central conic ax’+2hxy+by=1. — 


7 % y “ | 
v{2) Show that ae % ~ 1 is the tangent to the curve 


y=be*" at the point where it crosses the y-axis. . 


(3) Show that the equations of the tangents and 
normals to the curve y°(2a—x)=23, at points‘ 
on it where «=a, are 

y=2x-a, Ww+e=3e 
and y=a-2x, 2y=x-3a [B. U.I. 1923.) 


(4) 
(5) 


(Q) 


¢10) 


(11) 


(12) 
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Show that y"= 2x is parallel to the tangents dey 


the curve y = tan x at points where x = + 7/4. 
Find the angle at (1,1) between the two curves 
x = y and y = 2x? - 1, 

Show that in the exponential curve y = ¢*”, the 


2 
sub-tangent = c and the sub-normal = = 


~ Show that the tangent to the curve y = log x 


at (e, 1) passes through the origin. 

Prove that in the curve #y"=a"** the sub- 
tangent varies as the -abscissa; .and that the 
portion of the tangent at any point intercepted 
between the axes is divided, at its point of contact 
into segments which are in a constant ratio. 


Show that the tangent at any point P on the 


_cycloid x = a(6+sin 6), y = a(1—cos 6) makes 


angle 6/2 with the x-axis. If the normal at P 


meet y=2a:at H, show that PH= 2a cos 6/2. 


in’ the catenary y= - (et 4+ 647) prove that 


the length of the perpendicular from the foot of 
the ordinate on the tangent is equal to a. 


Show that the tangent to curve y’ = * (x-1) (2-x) 
at the point given by w=1+ 3 are parallel 


to the x-axis. — 

Show that the curves y’ = 4ax and ay’ = 4° 
intersect one another at the point P (a, 2a) at an 
angle tan ~4; also if PGi, PGs, the normal to the 
two curves at P, intersect the x-axis in G, and Ge 
respectively, shew that G; Gz = 4a. [B, U. I] 


\ 


¥ 
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(13) Show that the normal to the curve y’ = 4x and 
the tangent to the curve 4x” = y’, at the common 
point (4, 4) are inclined to one another at an 


angle tan 38. ‘a — [B. U. I. 1928] 
| | d 
(14) Ifx=asin’ 6, y=a-cos’ § show that 4 =. — cot 6. 


Shew also that the-equations of the tangent and 
fora at Mee sin °0, a_cos’®) on the curve 
2 
xe tye sa? 3 are 
x cos 9. + ysin 0. = =-asin 0 cos Q 
and y cos Q — “Sin nO = acos 20 respectively. 
|  [B. U. I. 1927] 


(15) If-in ex. 14 b, q réspeetivels are ihe lengths of the 
- perpendiculars ‘drawn, from the origin to the tan- 
gent and the normal, then prove that 4p°+@’=<c’. 
Prove also. that the’ Jength of. a’ tangent inter- 
cepted between. the axes of x and y is constant. 


(16) Finda, b, c,d; ‘such that the curve y = ax 34 toxtd 
may pass through the point (=1, 2), touch the x- 
axis at the point (1, 0 ) and have its tangent parallel 
to %-axis at the point on the curve where + = — 2, 
Sketch the curve. 


(17). Find the equations of the tangent and the normal. 
at the point “t’ on the curve 
x =a cos*t sin t 
y=asin’t cost - 
The normal meets the axis of y in G and the 
tangent meets the axis of xin T. Prove that if 
tan 2¢ = 2 and O is the origin then OG = OT. 
- [London H. S. 1935] 


(18 ) 


(19) 


(20) 
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/ 
Find the equation of the tangent to the curve 


y= SG Zot 
1+?” "14% 


at the point whose parameter is w and prove that 


this tangent meets the eons at “-w’ in a point 
on the curve, 


92 2 
Show that 2 4 2 B -=1 and + = ] cut one 
a. 


another orthogonally Ade é. at rt. angles) if 
AB = 00, 


Show that the tangents to «3 y? “Baby at the 
points ( other than. the origin ) where ay = = 


meets it. are parallel to. the ‘Xe -axis. 


(21). 


(22) 


(23) 


(24) 


(25). 


(26) 
(27) 


‘Assuming the result. that ‘%— sin x is positive for 


‘yall positive elute of x, show that 


1>cos “> 1- ae = for all positive values of x5 


and deduce ore that. 


x>sin x a i: ie = for all positive viilies of Ks 


If 0 < x < 1 ‘prove that log (21: a x%) lies between 
SRD ie 2x and ire x te ax. 
Find the maximum and minimum values of 
And + 9x? — 12x + 8. . . 
Examine f (*) = 3a4-20x3 + 42x?-36x% + 8 for 
maximum and minimum values of f (x). | 


Is f.(1) a maximum or a minimum ? 
x 24 Ay t5 


For what value of * is 3-5 pa 4 Ox +3 a maximum ? 

Find the maximum value of acos 0 +08 sin 8. 

Find the minimum and maximum value of 
“acos’® + b sin’ 0. 
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; ; : ini lue of 3 sin 0 . 
Find the maximum and minimum va eer 


Show that sin®’@ cos’0 attains its maximum value 


at 9 = a where tan a= A): [B. H. U.] 


Prove that 2 (35 cos! x — 30 cos*+3 ) ranges its 
value between unity and-# and has also @ as a 
maximum value. 


Show that —=— ar * is is greatest when % = é. 


Find the maxima and minima of y where 


ay+b = sin’x + 2 cos % + 1 and ad- ee 
cy +d [M T.I.] 


Find the ee le 5 of ee area which can be 


inscribed ina circle. 

Find the rectangle of greatest area which can be 
inscribed in an ellipse. Pie's F A 

If BB’ is the minor axis ot an ellipse and PP’ any 
chord parallel to BB’, find the maximum area of 
the trapezium PP’B’B. 

Given a straight line and two points A, B out- 
side it. Find a point P on the line such that 
AP* + BP’ shall be a minimum. 


The rectangle of given perimeter which has the 
shortest diagonal is a square. 


If the sum of the lengths of the hypotenuse and 
another side of a right angled triangle is given, 
show that the area of the triangle is a maximum 
when the angle between these sides is +/3. [M.T.1,] 


(41) 


~ (42) 


His) 


(44) 


(45) 
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The sum of the perimeters of a circle and a square 
is J. Show that when the sum of the areas is least, 
the side of the square is double the radius of 
the circle. 

A quarter-mile running track is to be constructed 
enclosing a cricket field the shape of which is to 
be a rectangle with a semicircle at each end. It 
is desired to make the area of the rectangular 
portion a maximum. What will be the lengths 
of the sides ? | | (B. U. I. 1930 ) 


A, B are fixed points with co-ordinates (0, a) (0, b) 
and P is a variable point (x, 0) referred to rect- 
angular axes. Prove that when the angle APB is 
a maximum, x = ab. (B. U. I. 1926) 
Daren? ed 2 2 
The greatest angle at which the ellipse “a +4 =] 


) - 


can be cut by a concentric circle is 
3 ( a = Bb? ). 
tan Dab | | 
A rectangular sheet of tin, the lengths of whose 
sides are a and b, has four equal square portions 
removed from the corners, and sides are then 
turned up to form an open rectangular box. Find 
the area of the -portion removed, when the 
volume of the box has its maximum value. | 
Show that the successive maximum values of 
“kt cin px form a series in geometrical pro- 


y= ae 
hese maxima lie on the curve 


gression, and that t 
y = asin a. o-™* whose a is the angle whose tan- 
(M. T. I.) 


gent has the value pik. 
circular cone 


Show that the altitude of the right 
volume that can be inscribed in a 


of maximum 
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H 
* sphere of radius a is $a@; and that of minimum 


volume circumscribed about the sphere is 4 a. | 


(46) If a cylinder is inscribed in a right circular cone 
‘show that the curved surface of the cylinder is 
maximum when its’ altitude is 4 that of the cone; 
and that the volume of the cylinder is a maxi- 
mum. when its altitude is 3 that of the cone. 


(47) The stiffness of a rectangular beam varies as the 

product of the breadth and the cube of the 

/ depth; find the breadth and the depth of the 

stiffest réctangular beam that can be cut froma 

cylindrical log’ abe diameter ‘of whose cross- 
section is d. 


| (48) A statue 5 feet high stands on a ea 25 feet 
high: How. far. should | a man whose eyes are 54 
feet above. that ground stand from the pedestal 
in order that. the statue may subtend the greatest 
possible angle at. his eye: ? 


(49) The ‘total’ work done: ‘by. ‘a compound air com- 
' pressor is given by the. equation 


n—1 mad 
us ey (a) + (2 Pye 2} 
banhere the. pressure p is ae Show that the 
work is a minimum when p = J (pip). 


(50) The force exerted by a circular electric current of 
radius 7 on a small magnet whose axis pone 
with the axis of the circle vari ao ar Reta 

€s as (y +a 
where « is the distance of the magnet from the 


plane of the eae oer that the force is a 
maximum when x = 


| 
| 


‘ 
i 
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(51) The illumination of a small plane surface by a 


(52) 


(53) 


(54) 


(55) 


luminous point is proportional to the cosine of 
the angle between the rays of light and the 
normal to the surface, and inversely proportional 
to the square of the distance of the luminous 
point from the surface. At what height should 
an arc light .be placed in order that a point on 


the floor @ feet distant from the wall may get the - 


brightest uanaon 


Light, travels from a* point A in one Hiedigith toa 
point B in the other, the’ two media’ being sepa- 
rated by a plane surface. ‘Tf v) ‘is the velocity of 
light in the» first, and ‘Ve in: the second medium 


| show that, if the ray takes the shortest time from 


‘sind, sind 


A’ to B, its. path will be ‘such that el 


Vy V2 


“where Oi: and Qe. are. the’ “angles. that the path 


makes with. the normal to the plane Ss petaune 


the media. : A 


Find the maximum end: minimum ordinates and the 
points of inflexion of y= xe* . 
Show that (6, 2) j is a a point of: inflexion of 


fe Oe 
a (+3) , 


Determine the constants: a, b, c so that the curve 
y= an +bx’ +x 


may pass through the point (1, 14), may have a- 
tangent parallel to x-axis at a point whose aes 
is—2, and may have a point of inflexion at x= — s 


9 
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(58) 
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Find the nature and position of the turning points 
on the curve 
a 1 a-v | 


if 


where a and 8 are positive and a> b. 


Find the maxima and minina values of y = e** sinBx 
and show that they form a geometrical pro- 
gression. . | 

ax+b | 

The graph of y = G1) @=d) 
at P (2, -1). Determine the values of a and b 
and show that y has a max. at P. 

Show that the expression | 

p§ + cos! (psin 6) where0<p<1 

increases as @ increases from 0 to 7/2, but that for 
‘any value of » within its range the expression 
cannot be greater than 


has a turning point 


: V2? -4 : 
a 


& J/2*—4+co097! 
[London H. S. 1932 ] 


(60) Prove that the function 


cos (2x-a-b) © 
sin (x-a@) sin (x-q) 


( 0<a-b< = ) has an infinity of maxima equal 


| a- b e é 
to — cosec’ ~g and infinity of minima equal 


a—b 
to — sec’. " 


[ London H. S, 1936 ] 
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28. Rates. 


d 
In § 11 it was shown that - represents the rate of change 


of yw.r. t. x. 
' When no special mention is made of the variable 


w. r. t. which the rate is calculated, it is assumed that the 
rate is taken w. r. t. tame f. 


In linear motion we saw that if s denotes the distance _ 
measured from a fixed point, the velocity v at time 7 is 


given by = and the acceleration by o 


dv _ a ds as 
A erie 
: dt a) =4 
reer dv _ dvds to ‘y 
~ di ds dt ~ dt 
F 2 
we have two more expressions for acceleration v72., de 
dv ~ 
and v =~ Be 


In angular motion, similarly, if 4 denotes the angle 
(measured in radians ) made by a fixed line in the moving 


: do. 
body, with a fixed direction, then ©~ 7 is called the angular 
= dw . 
velocity of the body, and dt is called the angular 
acceleration. 


wo do dw 
We have a ; dE = O79 as in linear motion. 
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Illustrative Examples. 


x. (1). 


Find the acceleration of a particle moving in a straight 


line according to the law 


s=A cos (t+ ) where A, ”, a are constants. 


We have p= Ba An sin (ut + a) 


+ 
acceleration = = van = An’ cos ( nt +a)=-— n’s. 


ie acceleration is proportional to displacement, 


- Again if s is+ ve the acceleration is negative and if s 


Ex. (2). 


is negative | ithe acceleration is positive. It is thus. seen 


that the acceleration is always. directed towards the 
origin 7. ¢@., the point from which s is measured. (See 


fig. 33. ) eee | fy 


One axe 
Ps 0 P my in 


Such a Friction: is called Simple Harmonic Motion. 


If the law of motion‘is »? = 2 { ssins+coss } show that 


the acceleration i is SCOSS. 


/ 


Differentiating w. r. t. s. the expression for v? we have 


dv ‘ ia 
20 ig 7 { Sc08s +1 sin s — sin s }=2scoss, 


| ; dv 
“. acceleration = v qs=5 COS §,° 


| 


| 
! 


| 


Ex. (3). 


Let. ad 


: Then i Bt 


and 
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A crane OP revolves about O with angular Velocity w 
and a connecting rod PQ is hinged to it at P, while Q 
is constrained to move in a fixed groove OX; prove that 
the velocity of Q is w. OR where R is the point in which 
the line QP, produced if necessary, meets a line perpendi- 
cular to OX through O. 


Co ees 


7~XOP=6 > | LOQP=¢- | 
Pe | ae Crag d 
dx — velocity of Q. \ 


If PN is drawn perpendicular to OX, it is easily seen that 


x= OQ= ON+NQ — OP cosd-+PQ cos? =7 cosd-+Icosd....+++(1) 
and OP sin@é=PN = PQ sin ¢; fo F SIN OL SIM Hee sesererseereeeees 


Differentiating (1) and (2) w. r. t. time ¢ we have 


eo. ° 
’ 


and 


dx te og GO . do « (3 
a _— y sin 6 at ang Lsin d at eccoeseosseresercee ( ) 
. dd _ dc 
r cos 6 =, =! cos + a weer ve accescecorossetos (4) 
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ap . ; : 
Substituting the value of a Biven by (4) in (3) we have 
dx : do . ,rcos 6 do 
arsine Gp 1 sino ros p at 


a — & (rsin 8 + -cos 6 tan $) 


dé 
=-—w(rsing+rcosétan¢) aW= GF 


Now if YO is perpendicular to OX, QP produced meets OY in R 
and PM is drawn perpendicular to OY, it is easily seen from 
fig. 34. that 

ZOPM = -POX = 6, and 2 MPR=z OQR= ¢. 

. OR =OM + MR=OM + MP tan d= , sin @ +r cos 6 tan 
| 3 . 

> ee OR. 

. The numerical value of the velocity of Q is w. OR. 


28:1 Related rates: In a number of problems the 
rate of change of one variable say x is given, and the rate 
of change of another variable say y {is required, the vari- 
ables y and x being connectéd with each other by some 
relation. In such a case we differentiate w. r. t. ¢ the re- 
Jation between x and y; and as A is given, the value of 2 


can be calculated. 

If the value of the rate is required for some special 
values of the variables, we must first obtain the rate for 
the general values of the variables and then substitute the 
special values. 


Illustrative Examples. 


Ex. (1) Water is being poured into.a cylindrical tub at the rate 
of 1 cub, ft. per minute. If the tub.has a ciroular base of 
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radius @ ft. find the rate at which the level of water 
is rising in the tub, 


Let x be the depth of water, and V the volume of water 
in the tub at time #, then 


V=n7ax . av sf wel ax 


“at dt 
dV 
Now Tm Rate of change of V 


= Rate at which water is poured in 
= 1 cub. ft. per min. 
dx ax _ 
. l= C . 
oa di 


1 
Level of water is rising at the rate of 5 pit per 


minute. 


Ex. (2) At noon one ‘ship. is steaming. due. west at the ‘steady 
‘rate of 20 miles per hour, and a second ship 50 miles 
north of the first is steaming due south at the rate of 
15 miles per hour. At what rate are they separating at 
2:'P, M. on the same day ? / 


In Fig. 35 Ao, Bg denote the positions 
of the ‘two ships at noon: and A, B those 
- at time t hour later. If s=AB, then 


s2=(202)?-+(50— 154)? 
i. e. s2==62512 — 1500+ 2500 
The rate at which the ships are 


.* ds : : 
separating at ¢ 1s 7° Hence differentiat- 


‘ing (1) w.r.t.? 


ds 
= 1500 
2s ——~ or 1250/—15 
ds __ 625t—750 6257 — 750 


as. “(625P- “1500 AOD 
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- F 7 ds 
.. Rate of separation at 2 P. M.= ( ar ) ee 


1259-750 _—i500 
/ (2500 —3000+2300) ~ 2000 


_=5,/5 miles per hour. 


29. Differentials — 


If y=f (x), we have defined 


fy eae CNP rir. dae 
oo Bt aed WB) Aesen sD) 


Now, when 8x is small, 2 wil in general differ from 
f' (x) [except when f (x) is a linear function]. Denoting 
this difference by ¢ we have: 
ne de (x): = F sseeeececeeesees = (2) 
Now as dx-0, = — f!(#)>0 by,(1);__ 
1-6, G--0 as 34-0 


Now (2) gives 


If f’ (x) #0, then on the right-hand side of (3), the 
term f’ (x) 3x is more important as compared with the 
term o $x, for s>0 with 5x whereas f' (x) is fixed. Hence 


tf’ (x) 3x is called the principal part of dy. It is also called 
the differential of y. 


/ 
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Def -—If y = f(x) then f’ (x) 3x, which is the principal” 
of 5y, is called the differential of y and is denoted by dy. 


Thus 9, GP =F REV OR has Oh a ee (4) 
If we choose ini particular f (x)= 4, ine f' (x) =1. 
7 dx = 3x 
| oe Dy! = SCR YAM eseg ceed eye ages cases (5) 
Pa , dy | 
Hence ae JAA) Fates ute te ase eles (6) 


In (6) the dyldx. on the left iia ‘Side denotes the 
quotient of the differentials dy and dx. We have also used 
this symbol to denote the. derivative or differential co- 
efficient of y w. rt. 4% - This double meaning, however, 
does not introduce . any. confusion in practice, as equation 
(6) is true in either’ sense. _ Equation (5) may also be 
written as : ri 


a form vahich is often useful! | | 
é. g. consider the rules of differentiation i in , 13°: 


dy du, dv 
A bs ice wt ote ae 


y= (M488) as 
_ du dv 
mare dx gt dx 
be Hl hp 
je.Ity = ut », then dy = du + dv. 


We have similarly, if 9 = 0 then dy = udv + vdu; 
if y = u/v then dy = (vdu — udv) |v’. 
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The student should make himself thoroughly familiar 
with either way of writing the results. He should thus 


be able to write at once: d (x) = nx") dx; 
yee = cos 0d 0; 
d(tan?@) = 2 tan @ sec’d0 ; 
d(x sinx) = 9d (sin x) + sin xd (x’) 
= x’ cos x dx + sinx. 2xdx 
= (#cosx + 2xsinx ) dx; etc. 


29:1. Geometrical meaning of the differentials. 


y 


Fig. 36 


Geometrically; if. P (x, y) and-‘Q (x+3x, y+dy) are two 
adjacent points on the curve y =f (x), and if PT the tan- 
gent at P to the curve cuts the ordinate of Q in S, then 
as seen from the figure, RQ = 4y, and 

RS = PR tam RPS = 34,f’ (x); 
RS = f’ (x) 8% = dy. 
The differential dy = RS. 


As bx = dx, the differential dx =PR. 
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29:2. Small Corrections 
Going back to the equation (3) of § 29, 
dSy=f' (x) 3x+0d% 


as obx is small compared to f’ (x) 3x, we get the approximate 
equation dy=f' (x) dx. | 


We have thus : 


If y=f (x), then dy=f’ (x) dx approximately when 
3x is small and f’(x)4O0. 


This result is of use in considering small corrections. 
If x depends on a measured or observed quantity, and y is 
calculated from it, then we have often to judge the appro- 
ximate value of the error dy in y resulting from an error 
3x in the measurement of x. If y is calculated from x by 
the relation y = f (x), then the formula above gives the 
approximate relation between dy and Ox. 


Illustrative Examples. 


Ex. (1) Two sides a, }, and the included angle C of a triangle 
are measured, and from these the third side c is 
calculated. Find the error in c due to asmall error in 
the measurement of angle C, the measurement of sides 
a, b being accurate. — 

We have » 


C=a+bh?—2ab cos C where C is measured in radians 
Regarding c as a function of C we have 


2c a = 2ab sin C. 
a e_ © sin C, 


dc ab. i i ; 
3c= 56 sC= — sin CoC= apn ac in’ Sint | 


 =bsin AOC, 
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Ex, (2) If in the preceding example, there is error only in the 
measurement of a, then 


: ; y 
c’=a?+5?—2ab cos C 


, 
ae c= 2a — 2b cos C 


sf AC OF boos C _ 6005 B ag gp cosC +cc0s B 
da =< Cc Cc 

= cos B 
b= 


i 


te b= = cos B da gives the error in c 


. approximately. 
Ex. (3) Tt ne is small compared to 1 and n is any rational number 
- * show that. 


, + Ay =1+ ah 
Lets ie yan 


© guitoriniately, 
When x=1, y= = 1 


As x undergoes artiall change t= =h, the Bees ondiis 
change Oy in y is given approximately by 

- by a bx = nx") 8x = nl'Ih- whenx=1 and ox=h 

Asy+dy=(xt da) | 


La ake 


approximately 
11 
| ratte 
= 4.0208 ee rea * 


Examples X 


(1) If a particle moves in a straight line according to 
' the law v? = 


as’ + 2bs + ¢ where a, b, c are con- 
stants, prove that the acceleration varies as the 
distance from a fixed point on the line 
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(2) If the law of motion is s’= a?’ + 2b +c, show 
that the acceleration varies as . 


(3) If the law of motion is f= as" + 2bs +c, show 
that the acceleration varies v® and has a sign oppo- 
site to that of a.- 


(4). If the law is v= 240 (1-2) find the maximum 
acceleration. 7 (BUI. 1922 ) 


(5) The distances ft. which ‘a point has moved in ¢ 
. seconds is given by s=#*—92'+247. Show that :-— 


(i) the velocity decreases for the first 3 secs. 
(ii) after 2 secs., the direction of motion is 
reversed and the point then returns through a 
distance Of 4 ft. fowards its. initial position. 
-[ Camb. S. C. ]. 


(6) A stone sig “Groppedl ante a ‘placid ‘pond and sends 

| out a-series of: concentric. ripples. If the radius 

| of the outermost ‘ripple - ‘increases steadily at the 

‘rate of 4 ft. per. SeC., find. how rapidly the area 

of disturbed water is increasing at the end of 5 
Secs. © , 3 


(7) ‘The revolve” ‘light from va’ ise distant 
one mile from a straight beach makes 3 revolu- 
‘tions per minute. How fast.is the light moving 
along the beach (i) when at. the nearest points 
of the beach and (ii) when it is at a distance 
along the beach of 1 mile from the nearest 
point of the beach ?. 


(8) Alamp is at.a height 12 ft from the ground. A 
man 6 ft. tall-is walking on the ground steadily 
at the rate of 4 ft. per sec. in a straight line passing 
‘through the foot of the lamp post. Find 


(i) the rate at which his shadow is increasing 
and (ii) the rate at which the end of his shadow 
is moving. 
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(12) 


(13 


(14) 
(15) 


~—— 
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The cross-section of a trough 12 ft. long is an 
equilateral triangle. If water flows in it at the 
rate of 20 cub-ft, per sec,. find the rate at which 
the depth is increasing when the water in the 
trough is 5 ft. deep. | 

A ladder 20 ft. long rests against a house ; if the 
lower. end is moved with a constant velocity of 
3 ft. per sec., how fast is the upper end descending 
when the lower end is 12 ft. from the house ? 


A tram-car is moving over a bridge at the rate of 
10 miles an hour, when a train passes under the - 
bridge at the rate of 20 miles an hour, the tracks 
being at right angles to éach other and the height 
of the bridge being 20 ft. How fast are the tram-car 
and the train separating a minute later ? 

The radius of a’ spherical rain-drop is increasing 
steadily, by precipitation of moisture, at the 
rate of 10° inch per -sec.; find (i) how fast the 
volume is increasing when the diameter of the 
drop is 0:8 inch and (ii) how fast the surface is 
increasing at the same instant. 

The centre of pressure of a circular disc of 
radius a, totally immersed in water with its 
plane vertical and centre at a depth h below 


2 
the free surface of water, is at a depth h + Ty 
if the disc moves downwards at the rate of 4 ft. 
per sec. its plane remaining vertical, find the 
rate at which the depth of the centre of pre- 
ssure is increasing when h=15 ft. if a=1-5 ft. 


Find approximately the cube root of 8001. 


Knowing cos 60°= 


in 60° 30/ 2, calculate approximately 
sin 


(16) 


(17) 


(18 ) 


*( 20) 


error in A is given by sA= 
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Given login 4 = -6021, calculate approximately 
logi9404. 

L Take logio x =-4343 loge x] 
The pressure » at height z above the ground in 
an er: of uniform temperature is given by 


p= poe. * where po and jt are certain constants. 
Show that a small error dz in the height would cause 
an error in the pressure to the extent of — pj18z. 

The angle A is calculated from the measured sides 
a,b,c of atriangle. If there is a small error 5a 
in the measurement of the side a, the sides b, c 
being correctly measured, show oak the consequent 


$a. 


7 bc Sind 

If the limits of error in @ are + } per cent. where 
IL is small, prove that the limits. of error in A are 
573 a" 
bcsin A 
A step-ladder (in the form of the letter-A) na equal 


approximately = degrees. 


.legs DE, DF a ft. long, and a string PQ 6 ft. in 


length is attached to each leg so that DP = DQ = e ft. 
Find approximately the height 6 through which 
the top D of the ladder is lowered when the string 


As lengthened by 580 ft. 


If a=5', b=2!, c=2! 3b=1” show that 8h=-72...” 
|  «[B.U.L 1913] | 


x? 


1+5-— 


0 
EE y does not differ 


Show that if y = “1 kay 


8, | 
from unity by as much.as 10000 for any value of x 
between 0 and 0-6. 


(Assume /3=1-73205; /10=3-16228) [M.T.1.] 


CHAPTER VII 


INTEGRATION 
30. The nature of the problem 


We have been considering so far the problem of finding 
the derivative of a given function, and the derivatives of most 


of the elementary functions which occur commonly in our 
work have been obtained. mae 


We now propose to ourselves the converse problem, 
viz. given a function f (x), can we find another function 
cs (x) such that its derivative ¢' (x) is equal to the given 
function f (x)? Pe ee ee 


This is the problem of Integral Calculus. ne 


30-1 The question of existence. The first question 
suggested by this statement of our problem is: under 
what circumstances does such a function (x) exist, 
possessing the property that its derivative 4’ (x) is equal 
to the given function? : 


Before answering this question, consider the similar 
question in Differential Calculus viz., under what circum- 
stance does a given function f (~) possess a derivative? 
The answer to this solely depends upon whether the 


incrementary ratio {eth -fe) tends to a limit as h->0. 


The existence of this limit depends on the particular nature 
of f (x), In the elementary functions we considered, the limit 
was found to exist, except in some cases for some special 
values of x; but an attempt to answer the question in 
general terms leads us into difficulties. We cannot even say 
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If p (x) is one integral of f (x), then the most general 
integral can be expressed, as we have seen, in the form 
# (x) +c, where c is any constant. This constant c is called 
the arbitrary constant of integration. Owing to the 
presence of this arbitrary constant the value of the integral 
is not definite and hence the integral is called the indefinite 
integral of f (x). [See § 47 for definite integral, | 

Thus, 


If 4 (x) = f (x), then s f (x) dx=¢ (x) +c. 
Replacing f (x) by ¢’ (x) we may write this as :-— 
SH) d= $$ 00 (). 


Also © US (8) dr) =£ L4G) Fel =# (=f (s), 


“ g ff (x) dt] =f (t)eccccesseccce (2) 


The student should make himself familiar with the 
results (1) and (2) which follow directly from definition. 


32. Some Standard Forms. °°. © : 


To obtain an integral of a given function, we avail 
ourselves of the known result of differentiation, If the 
integral is not of a suitable form for the direct application 
of this process, we have to use various devices to reduce 


it to such a form. We consider these devices in the next 
few articles. 


The following table contains some of the standard 
forms. Their justification lies in the fact that the .deri- 
vative of the integral on the right hand side is equal to the 
integrand on the left hand side. 


d yt awn =, ie ee xe" 
e.g Toa) fx ax nq Whenn # -1. 


Er Cis6 
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The truth of this statement may be seen thus : 

Let F(x)=b(«) -4(*), 

then F/(x) =! (x)-#/ (%) =0 throughout the interval ; 

i.e. the slope of the curve y=F (%) is 0 for all values of x in the 
given interval ; 

i.e. the graphof y= F (x) must be a straight line parallel to the 

x-axis i. c. F (x) must be some constant. ; 

F (x )=f(2)—- (4 =e 
or d(x )=¢( x )+e. 


This argument is based on geometrical - intuition. A purely ana- 
lytical proof is outside the scope of this book. (See Appendix 2 
Cor. 2.] = 


We thus see that even though the solution is not 
unique, if one solution ¢(%) can be obtained, all other 
solutions are comprised in ¢( x) + ¢ where c is any constant. 


30-3. The actual solution: We have lastly to con- 
sider the practical problem of actually finding an expres- 
sion for a function $( x) such that ?’ («) = f(x). We apply 


ourselves to this problem in the articles which follow. 
31. Definitions and Notation 


Def, If f(%) is the derivative of é(x) then we call 
¢( x ) an integral of f (x), or a primitive of f(x). 

To express this relation between ¢(x) and f(x) we use 

the notation 


p(x) = f f(x) dx 


to be integrated is called the integrand. 
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that €very continuous f{unctj 


is f on has a derivative, 
existence of the derivative 


of a given function de 
nds 
entirely upon the nature of that particular function. te 


Returning to our original question wh 
tion $(x) exists such that ¢’ ( 


some difficulty in answering it j 


function f(x). If, however, we Consider only continuous 
functions we can assert that : 


ether a func. 


If f (x) ds continuous then there does exist a function 
$(4%) such that $' (x) =f (x). [ See § 47-7] 


assertion, but 


strict ourselves in what follows 
only to continuous functions. : 


30:2. The question of ‘uniqueness: The next question 
we consider is whether for a given continuous function 
f(%) there is only one function '¢ (x ) such that ¢’ (*) =f(«), 
or whether there are more. =k , fet ata: 

~ The fact that the derivative ‘of a constant is zero 
gives us a clue for answering this question. 
consider a function $(%) such. that $(%) = (x) | 
c is any constant, then Y’ (x)=¢' (x) = fle); so that if (x ) 
is one function having its- derivative equal: to f( x), all the 
functions ¢(%)-+ ¢ (obtained by giving to ¢ different con- 
stant values) also have their derivatives equal to f ( 
The solution of our problem is, therefore, not unique. 


For, if we 
+ c where 


x). 


But this suggests a further’ question whether all the 
possible solutions are covered by the form ¢(x) +c. The 
-answer is in the affirmative. For, itcan be proved that 


if¢(x) and W(x) are any .two functions such that 
¢' (x) = ob! (x): throughout a certain interval, then ¢(%) and 
% (x) can only differ by a constant. 
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1 
Again 5 , Hogs Je+a] = ee 


[ See ex. (7) , 21. | 


P ax a 2 
oy eae ZH = log (* + V¥ +a’) a’) 


x? 
etc. 


. J x" dx = ae for all rational values of n 


except n = -1. 


Ze S=ax = log x; | corresponding to n = — 1. 
3. feédx =e’, eet ‘& x 
4. f sinx dx = -cos*x. 
5. Sf cosx dx = sin x. 

6 


. Sf sec’x dx = tan x. 


7. f cosec’’xdx=—- cot x. 
1 ea 
8. Sse = log (x + Vx?+ a’), 
1 _ 
S yap te = los (x + Ja), 
4 san BTR 
9. Sze = sin (*), 


10. Sarepax= GZ eanr( Z) 


4 
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__ The student should make himself thoroughly familiar 
with these results, 
The integral given is one integral. The general integral 
tained by adding an arbitrary constant. 


__ 4m (9) and (10) we take the principal values of the 
inverse functions, 


1S Ob 


Result (2) Ought to be written as f © dx=log |x | so as 


to include negative values of x, For log x has no real value 
When x is negative, When x is negative,—x is positive ; 
and we have the result 


Je 


d a eras ty 
gy 08 (-a) == (-1) 


‘e's f . dx = log (-x). by definition, when x is negative. 


The result f < dx=log |x| covers both the cases 
when x is positive or negative. 


Similar remarks apply to (8). 


The _ integral f 7a 


a dx may be written for 


ee ax 
convenience as f F(a) 
33. Rules of Integration 


Similar to the rules of differentiation in § 13, we prove 
the following two rules of integration : 


Rule 1. If uw, v are continuous functions of x, then 
Sf (u + 0) dx = fudx + f vdx. 
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With the aid of these two results we can modify our 


list of Standard forms given in § 32, and express each of them 
in a more general form as :— 


(ax+b)"O = 

/ n ee SE here n#~-1 
VW. f (ax+b)” dx ees Ww | 
/ dv i 

2 ara 7, 0g (ax + 5) 


4’, f sin (ax+b) dx = — = cos (ax+b) 


etc. 


If f f (x) dx = (27). 
then f f(x") xdx = 44 (27)... 


° 


ist) 


, ax ax 
f= ee a" = 
For, if x aed that 2x dt lor x dt? 


then ff (22) xdx = Srey dt= Sf(jea 
= 2s f(t) dt=3¢6(t):=44 (2), 


Illustrative Examples : 
Ex. (1) f (*4+32°+5x+7) dx 
= f xldx + f 3%dx+ f Sxdx + f dx by I § 33 
re es or by II § 33 
== + a 3 + ee oF 1x 
=Wastegette 


da 
Note: 7 (x) =1, of 1 dx = x.. 


by (1) § 32 
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y= Ss (x) & at by def. of an integral 


JS f(x) dx= “Stayt Kae ht 


Hence, while changing the me all that we have 


to dx 
do is to write an dt for dx and express f (.x ) and & in 
terms of #, ( See ill . exs, 1 to 8 § 34:1) 


If we use differentials, as dx = ds dt 


all that we have to do is to express f (x) and dx in terms 
of ¢ and dz. ( See ill. examples 9 to 12 § 34-1 ). 


34:1. Particular Cases : 
The following particular cases should be noted. 
I. If ff (*) dx=¢ (x) then 

Sf (*xta)dx=¢ (xta). 


For, if ata=t then. a = and 


Se (¢-+a) ax = Slate) & dt 


= SF) 1 dt=¢ (4) 
= 6(«t+a). 


2°. If Sf («)dx=¢ (x) 
then f f(ax+b) dx = = (ax+b). 
ax ae — 1 
- For if axt+b=1, then a =1.1. va ~ 
and fr (ax+b)dx= ff Caxtb) oe y's 4 (1) La 


= Atl (t) dt= 4 (t)= “6 (ax+), 
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ie d ‘ , a , ad I 13 
For, Fal fudx+ f ods] =f fudxt4, J vds by I § . 
=utv by (2) § 30. 


— fudu+Sudx =f (uv) dx by definition. 


Rule Il. If x is a continuous function of x, and c is a 
,. constant-then 


foudx=c f udx. 


d A | 
— = ¢— by II § 13. 
For, da [ funda] ccf ude y lI § 13 

| =u -. 8 by (2) § 30. — 
c fudx = fcudx by definition. 
Rule I can be easily extended to the sum of a finile 
number of functions. Thus Wek Os PO cu hist are continuous 
functions of x, we have | si paper 
S (utotwt..ees. ) dx=fudx + fudx + fwdxt+...... 


We.can also prove that 
S(u-v) dx=f udx—f vdx. 
34. Change of independent variable or the method of 
substitution | , | 
The simple artifice of choosing a new independent 
variable often reduces an integral to a known form’ 


To change the variable in the integral . 


| y =S f(x) dx, 
from * to ¢, when x is some known function of t, we 
have by § 14 : , 
dy _dydx _ .( dx 


dt dxdt — (x) dt ° 
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Hence putting x-2= sO ea ae = 1 we have 


ee dx 
— Ax? od eer 2)2 "an tt 
i 
S73 


= (3) : | - by (7) § 32 


; ey Game —2 
=sin(*Z?) 
Examples (7) and (8) illustrate. the method of integrating 


functions of the form Se ee 
, Vax t2bnto. 


The - following trigonometric substitutions are 
sometimes useful’; ~~ y 


Put x = asin 6 in n integrals involving Ja*- x" 


—g=Giane - cy Ie +2 
x = asec @ yf J¥- a’ 


We illustrate these by the following examples 


Ex. Q) ff Me) dx. 


ats) _ Jabe_vake vate ate” 
a Vans —x° Va-xVJVatx Vga 


As J 


a+x a+x i 
fy aaa) = Va—x2 ax. 
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x pie 
dx dx _ 1 
Put se so that 2x gy = Ti 0.x =O" 
dst dx y— (1. Lat 
Je—1 =(=s <3 * al es Jt 2 
3 - 
= fe “a= a tn ==t x ‘ 
Examples (5) and (6) illustrate 3° above. 
Ex. (7). 6 AE 
44/1 /4x?+12%+13 
Here we note that 4x7+12*+13=(4x?+12x*+9)+4 
= (2x+3)?+4. 


1 


\ . dx 
Hence we put 2x+3=1; so that at ae’ 


i de Magy | dx 

J 4412x413 J (2x-+3)2-+4 dt 
es 7 
Jerai 


=# log G+ V P+4) by (8) § 32 
slog (22+3-+.V 492-+12x413) 


dx 
Ex. eS ———— 
J VO+4s — 3? 


Here 5+-4x — 42—=5 — (x? —4x)=5 — (x? —4x4-4~4) 
=9—- (2? -Ax+44)—9 — (x—2)2 


=3? —(x— 2), 
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et 
Ex, ( 2), setyide == = 


4 
(x+1) 
wa "Fg by (1) above 


2 
=i(2+1)5 
Ex. (3), {Rasa =f (vet Z) a 


~ f vadet [Sax by Rule 1 § 33 


=f ’ dx+ fe 3 
_ ole xl 
=30 + 1 

= 3x /x+2/x. 


3 2 
EX. (4), =f" xitdx ee as 


by (1) § 32 


= =f (s8-+20+5:+6+ x2 ) dx ‘ty dividing the 


numerator by the den. 
. dx 
=f Bdx+2 f xdx+5 f xdx+6 f lda+3 f x+2 
—hart-+343 + 542-46x +3 log (+2). | 
xax 
Ex.(5)  f gaygs. 


° ; dx ; ax 
Ds i = 
Put a?++?=1, so that 2x if =liex di =}, 


wax __ ik ax 
f eta m S wept a tt 


Spl gy pata 
= {5 g =i fF = 5 loge 


= + log (a?+-x”), 
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fee. 1 ( ax 
f nyo = ihe of (a x) dt 
f- i aes log 
— log f(x). 
Thus fre dx = log { f(x) }- 
: f(x) 


Illustrative Examples. 


Ex. (1). e* pe 


Te" desloge) 


Ex. (2). f 1+cos x 4, van Ba “ (wtsin x) 


pising” ising 4* = log (4+sin «). 


sin x cos x 
Ex. (3). f gg i 
, a’sin-x-+ 6*cos"x 


H dg? cin? 2 eos? gaye j 
ere 7 (2° sin? + 0? cos?x) = 2a? sin x cos x28? cos x sin x. 


sin % cos x 
asin®x-+B’costa o 
a secs cos?% 


: f ‘( asin? + Bcos%x ) 
=a — b’) way fe 


a’sin’x+}2cos2x ax 
1 a ? 
= eB) log(a*sin?x+-B?cos?x), 
‘Ex (4) ) ae 2 , 
aes em dq (GP +bx-+c) 

| ax'+ bate ax+ibxtc 
= ’ log (ax?+2bx-+-¢) 

Ex. (5). e* —e% 


a Fee ax 4 eto) 
Scape de = log (ete) 
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Ex. (11) f+ : ea 


Put x =a sec 6; then dx = asec 6 tan 6 dé 


also J x-a= A a’ sec*@-a = / a? tan’ =a tan 6. 


ax 1 
Ica wee a sec 6 tan 6 a6. 
fi-d=—6 
a 


seci(2), 
a 
Ex (12). —————— oa dx 
J x2+2ax+b 
The substitution x? + 2ax+b=t suggests itself. 
; It gives 2(x+a) dx=dt or (4+) dx= = 2dt. 


x+a ees 
pithgae= fae 


ale a[r 


= / a+ 2ax+ 6. 


| / 
15. Integrals of the type f f Aaya 


We devote this article to one particular case of the 
method of substitution, where the integrand is a fraction of 
which the numerator is the derivative of the denominator : 


me: 


i. €. integral. 


3 d 
Put f(«) = ¢; 80 that f’( x) =¥ 
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Now put x= a sin 6 so that dx =a cos 6 d 0 


~ {VE «= Sia" 


a+a sin 6 
= J Teei= a sin?) acos6d 0 


a-tsin ©) acos6d6 


G COs 
eal 1+sin 6) a 8 
= a(6-cos 6) 


: x =o} 
=< sin-( =) —V gaz, 


We could have also proceeded thus :— 


ate, t { «ax 
V@—v ls = flap pag T V@—< 
=a sin) es J aS 


Now put a@—2 = tin {F peer and proceed. 


ax 
Ex. (10). +23 


Put ig eS aE el 
dx 
J @+2)3P = f (aa aa pe asec’ 6 dé 


1 
= fadgjaseoas 


sel 1 
= fcos6do= - 
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1 3 —— 
(8) 2x+ s (2x i, 1). ts ++): 
(9) 1+ | x —— 
x 1 ae lx 
1- 1 1 x Q 7 
(10) 1a ¢ 1 Te” 1-x (x+ 2)? Q Yv 
Vl x xv—-1 | x es 
1 1 di 
12 ; ees ee 
Vine Je - 4 JS Jer9 
(13) =) ar nen ae a EME 
etx tsb et ext5) | + axto 
(1a) I 1 


= > ———— 
Ji +4x%—-2 Sx? + 6x + 8 


p-—~ (15) x | (2x—-x’) Jx- (x-1) 


(16) sin 2x, ; COS 3%. | 
YW) xsinw = nat 
LL Ssin x, Eg 3 igi 
ene be < ~ 1 “2.0 SHEET) 
(18) e* sin e*, | we eey 
71 : V7: L#Ktan’s, 3 
of See Oo ae ar a weed 
(19) 1+cosx — 1=cos*X% 2. 1 ante 
x (20) sinx +cosx sinx+J3cosx e+e. 


_.* tan) x (Sin? «)" 2 tee Ms 
iad Lads Jl -# 


K22) a ae ’ —, . 
2) (+2) tan?x ’ 1-2 sin” 


e”* oe 1 1 
(23) eral a. x log x 


162 ELEMENTS OF CALCULUS 


1 ox 
f cosec x dx = f rt ay BCO8! 28 i 


x 2 
2 sin 9 Cos 9 
= fat = fFet0g 
tan 
x . 
= log tan 2. 


= 7 oT ae 
(4) f seox dx = f cosec (x +2) ax put +5 =e 


Sf cosec.t dt o dx=dt 


log tan by (3) above — 


log tan (> + — 7): 

Results 1) to (4) may be ae as standard forms. 
Examples: XI 

Integrate with respect to -* the following (1 to 23) :— 


A) ae era 
2) 6x’, —— e | 5 SA 
BVO +38 9841, Bet 245, Sedaetd ve 
) s(32-+ 3) x(%+1) Gan), me va 
Ley (+2, ett 2 Es dy 


y (eta t +3), ae nay Vxtit Tz 


x /; 
(7) (2x-+1)2, (ax+b)-™, - "zag 
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¢ intans cos *—sin x 
l+tanx ~ - J) cosx+sin x 


Ex. (6). 


£ (cos x+sin x) 
=f- ‘cos x+sin x 


= log (cos x+sin *). 


35:1. Integrals of tan x, cosec x, sec x _ 


In the list of standard forms we have already got the 
integrals of sin x and cos x. The integrals of the remain- 
ing trigonometric functions can be easily obtained from 
the result of this article. Thus: 


| : in x Z (cos Oe 
S 
(1) fran saan Sod and ‘COS % 


~ == log (cos x) = log sec x. 


gine) 
COS 
(2) fcotxdx= Jo agreed sin x 
ees 
: | Pt tan} =¢ 
1 
= — 2 that 
(3) fcosec # dx J ng } 8 a : 
| asec? = A a4 
ap le Dea at a oe 
| | 2 sin = cos ~ a ee ae 
| =2 cos) = 
| 3 
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xX fS Pea ta 
Ex. (10) : = oe 


=f J - @dx+a? ites 


— © og 2+ J Baa) t+ alogls+ VFag) 


V+ © 10g (2°+ /32—@?) 


Examples XII 


Integrate w. r. t. x the following :— 


et 1) x'logx, x"logx. 
(2) xsin x, x’sin™ x. 
M3) tan x, — xtan ly 
. (4) e*sinxcos x, «*cos3x. 
(5) sec*x : ~ cosec*x. 


LO) 
(7). 


A'8 ). 
(9) 


(10): 


(11) 
12) 
13 ) 

(14) 

(15) 

(16 ) 


( cosx-+sinx)?, 
cos 2xsin 3x, 
sin’xcos x, 
tan‘x, 

sin*x, 

xsin x sin 3x, 
Vi? 4 
JME HARES DO 


’ 


V(x+3) (4-1), 


x Jttat 


to 


x sin x/ +) 


. (cos sinx )?, 


sin4x sinx. 


tan’xsec2x. 


 cot*x. 


~‘costx, 


é* sin? x. 

Jone 
M8 +2%— 2 

V (253) (5-2). 
x Va —o_ 


xe*/(1%-+1 )2, 
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Ex. (4). fcos?x dx =$f (1+cos 2x) dx =}x+4sin 2x. 
Ex. (5). fsin3xdx =H (3sin x—sin3x )dx 


= —§# cos x 4+55-608 3x. 

Ex. (6). /cos*xdx =} f (3cos x-+cos 3x )dx. 
=$ sin x+ sin ON. 

Exe “(1 ):. fsin3xcos2xdx= $ f (2 sin 3x cos 2x )dx 

=$f (sin 5x+sin x)dx by (7) 
= f sin 54 dx+3 fsin x dx 
1 

=— 79 cos 5x—4 COS Xe 

Ex, (8) fsin®xcos’xdx = f (4 sin2x)’dx 
=} /fsin?2xdx 


=4/4(1-cos Ax) dx 


=4 *—sysin Ax. F 

Sometimes the simple device of adding and sub- 
tracting an extra term in the numerator of a_ fraction 
leads to simplification. We have made use of this device 
in § 36°1. The following are other examples :— 


7 xdx (x+a)-a / 
, ae $< ——y 
Ex. (9) J J/atx atx ‘ 


i dx 
=f («t+ a)"dx—a f (xha)® 


=2 (x+a)3?—2a( x+a)!?, 
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37. Algebraic or trigonometric transformations 


Before closing this chapter, we take note in this 


article of some integrals which are reducible by simple 
transformations. 7 


The following results in trigonometry, directly obtain- 
able:from well-known formulae, can be used in this way:— 


sec’x = 1+tan?x * tan’x = sec’x—1 (1) 
sin2x=2sinx cosx -.*._ sinxcosx = 4sin 2x (2) 
cos2x=1-—Q2sin’x ss, sin’x =% (1-cos2x) (3) 

= 2cos’x -1 . cos“ =4 (1+cos2x ) (4) 
sin3x = 3sinx -—4sin’x  , sin’ =i (3sinx—sin3x) (5) 
Cos3x = 4cos*x% — 3cosx .°. cos** = 4 ( 3cosx+cos3x) (6) 


Also formulae like 


2 sin A cos B=sin (A+B)+sin (A-B) ........... (7) 
which transform a product into a sum or difference are 
useful. 

We note also that f sin (a x) = -= cos ( ax ) 
| | ie 

and f cos (ax) dx=— sin ( ax ), 


The - following examples 


illustrate the use of, these 
transformations : — 


Ex, (1). f tan2x dx = f (sec’x-1) dx = sec?x dx — f ldx 


= tan *—x, 


=— tos 2x, 
Ex. (3). f sin’x dx =} f (1—cos2x) dx = 


= 3x—3 sin 2x, 


Ex. (2). f sin x cos xdx=3 / sin 2x dx = 


4 f ldx-4 cos2x dx 
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36.2. Integrals f e* sin (bx+c) dx; f &* cos (bx +c) dx. 
Let P= fe% sin (bx+c)dx and Q=f ce cos (bx+c) dx. ° 
Integrating P by parts, we have ! 


P=/f e@ sin (bx+e) dx= fe (bx+c)— oe oF? 


= — sin (bx +c )- f Obi (bute) dx 


a 9 - 2 f & cos bic) dx 
b ; 
Re ee oe Q. 
8 aP+5Q=e% sin (bx+c) 
Similarly, integrating by parts Q, we have — : 
aQ — bP = e™ cos (bx+c ) ote Penn cease aes eos (2). 
Solvine (1) and (2) as simultaneous equations iP 
_ and Q, we have: 


oe eee g 
P= a [asin (dx+c) -b cos (bate)] 


Q= [acos (dx+c)+0 sin (bx4+c)] 


+ pit 

a+b 

Putting @=y7 cos a4, b=rsina , 

do that r= / a@+b" and a=tan™ 2, we may write 
| : 


e 
= TP ae sin (bx +c-—a) 


AX 


Q- FR cos ( Bx tea) 


wherea = tan bla. , [cf. (4) § 22.1] 
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[ Vitede=S Vere s(x) dx Here u= a! +a’, v = x 


—— d 9, , 
Ea Mpa J *4. Vat + a? aK 


x 
= yy Raa : 
x JVP+¢ f Ita 
alPeer Ses 
= — tf etd ad dx ; (note this step ) 
Vx +a? | 
=n TS VN Fe deta 
=n SNH EE dx 
+ @log(x+ i +a) by (8) §32. 


Note that the integral f° J/x*+q* dx with which we 
Started comes up again ‘on ther. h. gs. with a ree of sign. 
- Taking it to the 1. h. s. we have’ et ose 


2f Ve4q + dx = N/a? + tata 08 (xt V2 + Ge +a’) 


naar 


“SVP +0 dx= = aes +a" +“ dog (x+ JP ta 


Similarly, we have for the other two integrals 


ee ie ) 

Jf V8<a'dx = 2 Nx*= a? - 5 log (x+ Vx" — a’) 
ea x oe ae 2 

J Va’ —x'dx = QaVa—x? + > sin? — 


These three results my be regarded as standard - 
forms. 
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i ae ee d 
Ex. (6) f sin x dx= f sin”) x 7 (x) dx here u=sin™) x;v=x 


=x sin”) x - fx 4s. 
Jin 


x ax 
No f Sing Putt x* =195S0 that—2x 4, = 1 


x ax 1 d 
Then sas = JS Ge — a(- =) = 


=- J1—2 


x ax 
J1-# 


f f sin7! x dx —xsin! x — 


= xsin x + J1—2. 
we could have also proceeded by the substitution 


<4 as 
sin-] x <= ¢ to start with, so thatx = sin t, —, = cos? 


and f sin”! nie = f sin” x usaf tcostdt 
=tsini+ cost as in ex. (1) 


=—xsindx+ Vji—-2x. 


36-1 Integrals f Vqg?— x? 4%, S N+? dx, 
{[NP-a a. | 


y the method of integration 


These are worked out b 
Take, for example the 


by parts, by using formula (3). 
middle one. 
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sm o> «2 : 
(i) f *edx= [-* ay Ce") dx = we" —2 f xed 
= we? — 2e7 (x - 1) by (i) 
=e" (2° —- 2x +2) 
(iii) f se dy — et | ly = We? 8 Lefdly 
v=f: dy 6 )dv=xet -— 3 f wetds 
= we? — 3¢7 (a2 — 2x +2) 
= e* (43 — 313 + Gr — 6), 


Ex. (4). f x log x dy, 
Here, as we do not know a simple function whose derivative is 


lo ay - 
g x, we take log x =u, and x= dx’ 8° that v="y 5 then 


7 d¢# a wd 
f x log xdx=f log x ax ( 3 ) dey log x ~ Dae 1H #) da 
ed Lf ae 
oe ee 
FHF BX -» f xax 
x? x? 


The following examples illustrate the uve of formula (3) 


Ex, (5). f 1 


P—————— F 
fo e a 
Pa finn — fay, op 1) ds 


- a 
= thoy «= fugu 


=zhgs-fids 


=s hy t-—- x 
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Hence if - dx 
Fs "exists and da and w are continuous, then 


f uwdx = uf wds — JL vmde) Oe dt... (2) 


A particular case of importance is obtained by taking 


dv 
Vv = *%3s0 that =P = 1, and en 1 ) becomes 


ee 


Illustrative Examples. ih | < 
| oe 2 
Ex. (1) f xcosxdx= f “a, (sin «) here u=x, Yu sin x 


ae ft” a 
=x sin x = fi a a, (x) dx by (1) above 
=x sinx — f sin x dx 
=x sin x + cos x. 


Note that a sin x dx is ‘ simpler than f x cos’x dx. It is such 


simplification that is:to be aimed at in the application of this method, 
"and the choice of u and v. 


| Ex, (2) f #2 sinadx = [ xi 7, ( — cos x) dx. Here u=x?, V=COS x 


F : a 
=i (-cosx)— f (—cosx) 3 (a) de 
aa cos x+ f 2x cos x ax 
‘ =-— x? cosx+2 (xsinx+cosx) by ex. (1) 
=-— 22 cosx+2xsinx +2 cosx. 
Ex. (3). Find f xédx, f we'dx, f 2e%dx 


7 Pp ® 
(i). f xedx= f x7, (2?) dx = xe° — f edx=xe' - & 


== @ (x -— 1), 
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(24) Obtain f tan x dx by using the identity 
tan + SeC +. 
SCC Xe” 
(25) Prove that f sec x dx = log (sec x + tan x) 


sec x (sec x + tanx). 
sec x + tan x 


tan x = 


by writing sec x= 


Integration by parts 
We consider in this article another simple device for 
reducing an integral to a known form. 


If w.and v are differentiable functions of x; we have 
by Rule II of § 13. 


G ¢. dv Sy 
dq (tO) = “ tor 
uv = S(« («4 Pegs iit) BS be def. of an integral 
= yf ola by Rule I § 33 
; . a du : 
is fu $ dx=uv- fv G2 dx sei ee (1) 


This is called the vule of integration by parts. It is 
used when the integral on the right-hand side is simpler than 
the one on the left. 

S 


du dv. , 
The formula assumes that ie exist and are continuous. 


Using differentials, the results may be written thus: 
FO ude =o ~f VdU seereeelicsdeescescescaelc tk (1) 


Another form of the same result can be obtained by 


dv 
putting — qq 7 Ww 80 that v= f wdkx. 


See 


CHAPTER VIII 


RATIONAL FRACTIONS. METHOD OF PARTIAL 
FRACTIONS 


38. The integral f Pe fa) dx where f(x) is a 


polynomial in x 


1°. Consider first f om 
bf. 1 1 


Using the algebraic identity ag og \eod . Eee 


we have 


Sata me g ae 


str 5108 = ‘x-a-logx+a) 


=a x—-a 
ata |x+a 
Xx-a_ era 5 ROG). 47a 
: 2 2 AS a 2 
2 2 
sp te 2 HUG _ HWE 2g. 
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© = = Sans if x >a 
— Jaz 2a log Fa 
_ .% aX. <a 
~ 2a log ox if x 
More generally we have 
—— = J, axtb—c| 
(ax+b)?-c? 2ac 08 axtbtc|’ 


2°. Consider next S=a=e= 


We have, from algebra, if a0 


ast+2be-bo=a( 242-7 a+ one (st 2) + = sia a] 


=a [ ( sd Sila : sy? = He ~~ |. 
Hence the following cases arise :— 


(i) If b?=ac then ax’?+2bx+c=a (+ 2) 


. of cae dx a 2 fa = i. 1 
"SJ ax’ ax? + 2bx +c a b 
ee “.) (s+ =) 
a 
ax+b 
9 ’ ~ 9 
(ii) If b’<ac, then d = is negative. Put ye =-@ 
a 


then ax’ +2bxt+o=a [ (x + oy 4 a? | | 
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ax 
; d. Lo 
 Saeetcmere” aS (2+ 2) +08 


_1. 1x*tb/a 
= tan 
aa a 


ke 4 
=> tan 
aa aa 


ac—b* 
where a? = ae 


2 
ac e e e =, 
is positive. i eae a = ? 


a b? - 
(iii) If b’>ac, then — 
then ax?+2bx+0= al ( x+— oY. —? | 


: d. 
-S ites SS 


( xt ) B? 


Peas 
16 g 
2aB iar 8 
. a 
ac 


1 gate af 


= 2ap° Flax+b+aP 


2_ oF 
2aB where 8° = z 


a 


3°, Consider now fi ay ore rs ae 


Here we express px+q in the form k £. (ax? + 2bx+c) +k! 


where k, k’ are Certain constants, 
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: (ax? + 26x +c) = 2ax+2b, we easily see that 


b 
pxtq= £ (eax +28) +q- 7 ae 


* (2ax+2b) +- a op 


_p(_ ‘Danaty ig: aq — —t 7 
2a ax’ +2bx+c ax + ink 
-2 = FeEn.. ae 
7 log(ax’ +2bx+c)+ 4 oR ee 
by § 35 


Now the integral on the right-hand side can be 
worked out as in 2° adove. 
Not—The device explained here is also useful in integrating 
px+q 


Vax? +2bx+¢ 


by | 16 
O ; 
; 4”. Consider lastly it obec dx 


where f (x) is a Sof Sn in x. | 
Dividing f (x) by ax’+2by+c, we can express 


af OY! pxtq 
ae + bak eit the form p a a 


where ¢ (2) is a polynomial i in x. 


f (x) pxt+ 
Stor ax +2bet oS ¢ A ) dx + fate ae. 


Now ¢ (x) can-be integrated term by term, and the 
second integral on ther. h. s. is already discussed in 3°, 
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- Illustrative Examples : 


ae DS apcaces =3 Sete: 3) = jae aan +4 


= pater" | yale} 


(x—1)? 
Ex. ; (2) ae 


H @-1? | 1)? —2x+1° ae 6x+2 
LY PO ae =) ~ 2-PAx+3 


aaa dv= f (1- ott 


6x2 y : 
=e f P+dg+3 


Now. as © P+Ae +3) =24-44, we write 
6x+2=3 (2x+4)—10 
6x-+2 ete 
; Spriets 
2x+4 
= Jf Bae 10 (ae EEdsT3 
dx 
1 =3 log (x2-+4x+3)—10 f rat ae 
-1 


: +2 
=3 log (x°+4x+3)—5 log xto+1 


. - xtl 
=3 log (x°+4x+3)—5 log (43 
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(x-1) 6x+2 < 
e+ 4x43 aan & e+4x+3 as 
=x—-3 log (x°+4x%+3)+5 log 3 


1-3 log (x-+1) (2+3)+5 log “4 


=x—3 log (x+1)—3 log (x+3)+5 log (x+1)—5 log (x+3) 
=x+2 log (x-+1)—8 log (x+3). 
x 
“OS Tare 
Ca 
As Gy (x?-+6x+10'=2x+6, we write 
. x=}(2x-+6)—3 


‘ demas —— q 
“D) S2+6x+10 
2x+6 dx 
= Ts Jere ¢ 3) ee 


2x+6 
ne ant J®46x+10 o* 
= f (x2+6x+10) ad (2-+6x+10) dx 


=2(x2+6x+10)12 
os ax _ AX 
and f J #46eh10"~ jf JS (x+3)+1 


=log [ 3+ GIEFT | 
by (8) § 32 
=log(x+3+/ x°+6x-+ 10) 
x 
f JP+6x+10 —— 
=(#+62+10}1/?—3 log(at3+ V7 3346x410) 
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Ex. (4) famoere AAT 
Put x? = ?, then 2x a = lie. a = 4; 
: Sacer Saran 
=3 fz paate=3 Scr ois 
=} tant S° = 4 tant (2-1), 


Examples XIII 
Integrate w. r. t. x the following :— 
uf 1 1 
iO) He -4 2) 93 (3) x +2x4+5° 
wo ‘4x 2 
44) rg v(5) a’ #- a 


rt a8 Gy Ae 


x +2x+2 x “P2eH 2 ve +x+1— 
1 ae x +3 
es ( 11 ) a a e 
N34 2K+% ty Ae Poe? 
9) 1. 
2 Se 
Sp ) J2ax—-x° 
39 Method of Partial fractions 
An expression adx"+aw"?+...... 00s Hank tay, 
where 7 is a positive integral and a,a .... @, are constants, 


is called a rational integral function oe x or a polynomial 
in x; and 7, which is the index of the highest term in the 
expression, is said to be the degree of the polynomial. 

If in a rational algebraic fraction, the degree of the 
numerator is greater than or equal to the degree of the 
denominator, then the fraction is called an improper _ 
fraction ; if it is less, the fraction is called a proper fraction. 


| 
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If a given rational fraction is cereal as the sum of, 
others having denominators of lower degree, then these | 
latter are called the partial fractions of the former. 

If the integrand is a rational algebraic fraction, it is 
’ often necessary, for purposes of integration, to split it up 
into its partial fractions. Hence, .we study the method of 


doing so in this article. 
. i F(x ) 
An improper fraction fla) can always be expressed, 


by ordinary division, as the sum of a polynomial } (x) and 


d(x) , 


a proper fraction ¢ 


Me ae i 
F(a) _ pl x 
Fag LAL EGG): 


We, therefore, consider only proper fractions. 


Two integral functions: or polynomials are. said to be - 
prime to each other when they have no common divisor — 
( except 1 ). 

. We require the ‘licens theorems from Algebra :— 

Theorem (1). Every integral function f (x) can be resolved 
into prime factors with real coefficients 
which belong to one or other of the types 
(x-a)” and (x’+2px+q@)%, where 7, s§ are 
positive integers. 

Theorem (2). Every integral function ¢(x) of the 2th 
degree can’ be expressed in either of the 
form :— 


Px)=ayta(x—a)+alx—a)lt......., 
vite Sei bapls—a)owherend),a):... 3. . are 
constants 
(x) = (do + box) + (a, + 542) (x? + 2px +4) 
Sau te + (ap +b,x) (x°+2px+q)" 


where do, di....+.Gr3,d,.......6, 
are constants and 7 < n/2. 
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Theorem (3 ), Le 3 is a rational proper fraction and 
iff (x) has two integral factors P and Q 
which are algebraically prime to each 
other so that f (x) = PQ, then we can always 


split up) into the sum of two proper 


fractions = and = where P; is some 
polynomial in x of lower degree than P, 
and Q, of lower degree than Q 
ie He) x) BQ 
f(x) PQ P.. Q 

Or more generally if f(x) = P.Q.R.S...... where P, Q 

are prime to each other then we can express 
#(4)_Pi, Qi Ri St 
f(x) pt ra RT S > ae 

where all the fractions are proper fractions. 

32.1 Assuming the truth of these theorems, we 
_ consider the different types of partial fractions that arise 
Hl x). 

f(x) 

Theorem (1) tells us that f (x) can be: split up into 
factors of the forms (%-« )’ and (x? -2px+¢)5, 

Case 1. Take first the case when f (x) has a non- 
repeated factor +—a, so that f(*)=(x-a) Q when (x-@) 
and Q are prime to each other. Then we have 

oe) Pi Qa th (3 

Fla) gaa wor! : (39) 
~ A ,Q 
 x-a + Q 


2. 2, it is a constant, say A. 


in splitting up the proper fraction 


for the degree of P; is zero. 


Es C.7 


182 ELEMENTS OF CALCULUS 


Corresponding to a non-repeated factor (x-a) 
of f (x) we get a partial fraction - where A is a certain. 
constant to be determined. , 

Case 2. Take next the case when f (x) has a repeated 
factor (x—a)”; so that f (x) =(*%—a)’Q, where (x-a)” and Q” 
are prime to each other. Here q 


pla) _ _ G(x) — P, Qi 
f(x) (x-a)’Q (x- ay °O by Th. (3) 


As is a proper fraction the degree of P; 4 


Py 
It =a)h 
is (y-i) at most. We can, according to Th. (2), express — 
P, in the form 3 


aidan ecsias tee Fy (x — a)" 
ay 1001 eek ee a Gr) 
* (x-a)’ a7 a jal! Gay ay pT oe 
. bx) _ Pi 4 
*"f (x) Gaye Q ‘ 


_ 0 Gr, Q 
ag (x— ‘ay a aa i Wea) 


*. Corresponding to a repeated factor (x-a) of f (x) 
we get the set of partial fractions : 


a Qy a 
a a A ae _—— 
(x-a)” (x-a)”™ Laer 
where @ @..+-- ,y-, are constants to be determined. 


Case 3. If f (x) has a quadratic non-repeated factor — 
(x°+2px+q) which cannot be resolved into real linear 
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factors, so that I(x)=(2+26x+4¢) Q, where (2°+2px+ q) 
and Q are prime to each other, then 


$18) $ (x) P; Q: 


Now the degree of P; is 1 at most. Hence we may write 
Pi =Bx+C where B, C are certain constants. 


; d (x) Bet-Cve. «* Qh. 
f(x) #+2px+q" Q 


Corresponding to a non-repeated quadratic factor 
) Bx+C 

x" + 2px pet Trea Ilana 
( px-+q) of f(x), we get a partial fraction + 2pn-+¢ 
where B and C are constants to be determined. 


Case 4. Lastly if f(x), has a quadratic repeated factor 
(x? + 2p% +)’, so that f (x )=(2°+ 2px +q)*° Q, where 
(x? + 2px + q)%, and Q are prime to each other, then 


(x) i (x) = P; 4 Q 
f(«*#j) (#+2pxt+q)SQ (+254 9)5 Q 


Now the degree of (x + 2px + q)§ is 2s; so the degree 
Pi can at most be (2s - 1). According to Th. (2) we can 
express P; in the form 


P; os (a, + box ) + (a + Bix) (x? + 2px +q) : 
oo ( ds + bs-1x ) (x Pope “Fg 81, 


S-] 


> Amt bmx Q; 


: gd és, * P, = + ao 28 
m=0.(x" + 2px + g)-™ * OG 


52) Rr eae: aL 
f(x) (#+2pxt+q) Q 
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ang Venn ete 


Corresponding to a repeated quadratic factor 
(x2 + 2px +q)° of (x) we get the set of partial fractions : 


aoe ot be gg Ge Oe 
(x? + 2bx+q)S (x + 2px + q)*" (x+2px+q) 


where do, 0, Hi, Or. +- +» As-1; bs.,, are constants to be 


determined. 


40. Having discussed the types of partial fractions of the 
denominator, we now proceed to consider the methods of 
determining the constants in the partial fractions and the inte- 
gration of such fractions. These methods are illustrated by 


the following examples. 


x? 
Ex. (1). {G She pee 
We put the integrand, which is a proper fraction, into 
its partial fractions. 
st SR eyes gin C 
Let G1) a —2)(e— 38) @-1) * @—2) * @3) 
We have to determine the constants A, B, C. 


Clearing of fractions we get the identity ; 


x2=A (x—2)(x-3)+ B(x-1)(x-3)+ C(x — 1)(x-2) 
This is true for all values of x. We choose suitable 
values of x to determine the constants. Thus 

put x=1, then 1=A (1—2) (1—3)+B(0)+C(0) ». A=}; 
put x=2,,, 4=A(0)+B 12-1) (2-—3)4+C (0) «. B= -4 
put x=3,,, 9=A (0) +B (0)+C(3—-1) (3-2) «.C=9/2. 


_ x __3 -4, 9/2 
W—Diz—-2)(e-3) x —-1! got z-3 | 
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a 5 
Sey (x —2) (x—3) dx 


=i [4 pd ies 
_ x-2 + 9/2 x-3 
= 4 log (x-1)-—4 log (x —2)+9/2 log (x—3). 
Note. The constant corresponding to a_non-repeated 
linear factor of the denominator can be obtained thus :— 
Let f (x)=(x- @) fi (x) where f; (x) is some function of x 


P(x) A 
Then Fa) Ga 


Qin 
ie i Gt where Q is _,, ys ‘i 


$ (x) =Af, (x) +(x@-a)Q 


$ (a) =Af, (a) +0 


Ava) . Ox) da) 4 _Q— 
fii) ~ f®~G—a)fi) fi (4) 


Thus the partial fraction corresponding to (x — a) is 


obtained by putting x=¢@ , everywhere ino) 4) ) except in the 


factor (x—«a) in the denominator. 


Thus in ex. (1) just considered we have 


=(eoecghe-[oes = 


B= | Gn “G3 =3) =o Loen=*4 etc. 
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4x? a x +4 dt 


Ex. (2). J G1) (+2? 


The integrand is a proper fraction; corresponding to 


. A _ 
(x — 1) wegeta partial fraction ai i and corresponding 3 


to the repeated factor (x+2)° we get (see case 2) two é 


B C--: 
partial fractions 742 + (eto +2) 


ge2txt4 — A pB. C... 
Let (x—1) (x+2)¢ x-1 + x+2 + (x +2) 
_ Clearing of fractions we have the identity 
hae +x tA (x+2)? + B(x-)) (x +2) + C (x1), 


Put x=1, then 9=A(9)+B(0)+C(0) A=1 


x=—2, then 18=A (0)+B(0) + C (-3) . C=--6 
«= 0, then 4=A (4) + B(-2)+C (-)) 
= (1)(4)+ B(—2)+(—6) (—}) 
2B=6 .. B=3. 


: Aye +x +4 Pye 
J («-1) («+27 ° 


ra faae-e Sept 


ite =i) Sle G2 9422 
. ) + (42) 


} Ex, (3). i. ax 


3x +2 A B C 
Let =— pees D 
met Ip as tari t ip * EHH 
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3x +2=A(x+1) + Be (x +1)? Cx(x+1)+ Dx 

Put x=0 then 2=A (1)  A=2, 

x=-1,-1=D(~-1) ~D=L 
*=1, 5=8A+4B+2C+4+D. 
=16+4B+2C+1 


AB4+2C=12 . QBAC HH=G lecicisajeccrceces cosseers 
Again, x = 2 gives 8 = 27A+18B+6C+2D 
= 54+18B+6C+2 
18B+6C =—48 | BBAC = —B ccccseccoseerees 


3x+2 2 2 Z 1 


x(x+1)3 x xt] (x+1)? T G41 
; 3x+2 
JS epi @ 


=2 [F- rf eeirt Seem ery 


1 


= 2 log x — 2 log (x+1) 4. ——_ a —axb? 
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ot) 


Another procedure : After obtaining A and D, we may 


proceed by substituting these values in identity (1). 


Thus 


(3x4+2)=2 (4 +184 Be(a+1)P +Cxe(x+1)+%. 


Transferring known terms to the |. h. s. we have 
— 2x3 —6x2 —4x=Bx (x+1)?+Cx (x+1) 


As the r. h.s. has factors x andx+1thel. h. s. must 


also have these factors as the relation is an identity. 


—2x(x+1)(x+2)=%(x+1) {B(x+1)+C} 


—2x—-4=Bx+(B+C). 
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Equating coefficients of the like terms we have. 
B=-2andB+C=-4 . 
-B = — 2andC= — 2as before, 


x§4+x2—x-2 
Exi (4); 1 —— 7 oe 


Here the integrand is an improper fraction. Hence by — 
division we first express it as the sum of a polynomial , 


and a proper fraction, Thus 


gate—-x-2 , #-2 
x3 — 1 SOT gat 


9 
~ 


ae xi — 2 
Now consider the partial fractions of 33 =~ 7; we have 


ee i ee vere eh 

B-1 (xl) (@+sF) Were (x°-+x+1) has no real 

linear factors 

A Bx+C 
es ee Er say. (See case 3). 

oo OA (2 + et1) + (¥ 1) (B+ C)orees, (1) @ 

Put x=1, then - 1=3A «. A=- }. | 

Substituting this value in (1) and transferring terms — 

we have 

(x-1) (Bx+C) = (?-2) +4 (24241) 
=3(4+%-5) 
=3(x-1) (4x45) 


Bx + C = 3x +8 identically 


1,1 445 


x—] 3° x-l' 3" +x+1 
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ie eel Sat x’ —2 1 1 ] 4x+5 
xe—] Atanas ‘3 21) 36 R 24 y¢4-1 


a. See 
{F x a 


x? —3 
at ax 4x+5 
eee ee fi +4 fora ® 
x 
=5 4 log n+; (Ae dx 


x 2x+1 
=y ~Slog (2-148 fet det (oa Saag 


aye, pe ae 
» fs x 2 ie 


x*-—1 


ttl 
J3 


=F ~Alog (x-1)4$ log (#-+424+1)+— t 


xdx 
Bs f Garay (aD) 


Here instead of putting the integrand into partial fractions 
as it stands, it is advisable first to use the substitution x2 = y; then 


dx 
aye and 


— gdx 
S rH FD 
=ferpery* 5°=2S oOTD 
=o f Gea 548)” 
=i,(I0z y+4—log y49) 


244 
= ple ayg P49. 
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x : 
Ex. (6), l Fecrst) (x2+4) Gop 


Here we notice that the integrand is a function of x°. 


Putting x? = y in the integrand only, we have 


x? y 
(PFD (4744) (2-1) “G+ G+ 4) O-)) 
cee “1 ites les: AP 
~ OF) (“144 (1-1) T(—4F9 (+4) (—4—-D 


1 
* +1) +4) G=1) 


by the rule explained in the note after ex. (1) 


se tpawten ae tae oe te i 

een = 6 yt 15° y44°I0° mi 
Pi te ae a eo 
~ 6 241 15 244'10 <-] 


‘i < ; 
i] (+1) (+4) ( 1)” 
ax 4 dx 1 ax 
a a een ee eal 
fi J erat iy xl 


_ Sol! gpa ee tet 
= lx— tani 24 +4 1,,|*% 
¢ tan) x ib tan 9 55 log Ell 
41. Rational functions of sin x, cos x ; the integral 
fee 
a+ bcosx 
The integral of any rational function of sin x and cos x 
_ can be reduced to that of a rational algebraic function of ¢ 


by the substitution tans =f. 
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For, we have 


‘ x x 
2 sin — cos — - 
9 $5 2 tan 9 
1l+t 
o Xx s oe, ' Xv 
oe Mods 9 - 
cos 9 + Sin’ | 1+ tan” 
2% ete? 2. = 9 & 
Cos 9 ~ sin’ 5 L..=tan Py , 
7 ; 7 P ~14+f 
cael Ce 2. 
COs 9 + sin 9 i +tan 9 
x x ax dx 2 
and tan -- = 28sec So = ‘a = 
QE ng BSC oigp tlt oh a= Tap 


As an example, consider the integral 


if ee where (a+b) is positive. 


a+b cos x 
Putting ¢ = tan 5 we have 
ax £ 1 ax 
ie +bcosx — eer 
at pe | 2 
“J eae 
OTN THE 


2 


= Saupe 


2 
7 Saw +(a-b) pat 
Now the following cases arise :— 
(i) ifa@>6, : | 
then a’ -b’ is + ve .*. as (a+b) is + ve, (a—b; is + ve. 
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fc dx _ 2 ft 
at+tbcosx a-b arte 
and b+) 
ao) Patel (G (5 


(ii) if @>B. 
then b°-@’=(b-a) (b+ a) is + ve 
b-ais + ve as(atb) is + ve 


dx 
at+bcos x 
__2 if dt tb ies dt 
a—b py ath b-a Fe a+b 
a-b b-a 


ve ) log Vb-at ~ Jota 
a "al at+ Jb+a 


1 ng Nozat+ Jota 
dag" dbtata Jb ta 


x 
where ¢= tan) . 


eee Se Soe ee ee 
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(iii) Jf a?=0", then either b= + aor bD=—-a; 


if ‘b= Rea) has 
-1 dx lip _dt clin, 
1+cosx a 4 o% 2 
2COS 9 
F : “dK 
if b= —-a, | ———— 
Alpen sary 
-1 es de + og 4 
= 1—cos x ee a 
2. sin’ 5 
dx 
Example. 34sinx+2cosx 


ip , 
Putting tan‘5 = t we have, 


des 12 gy 
3+sinx+2cosx f— Qt 7) 1-#° 1+? 
8+14 0°14? 


ee ee 
aan J 3 (1+2)+2t+2(1—/) 
ats JS eyart6 pra 


=2{ qpipsa ap FH 


= 2-4 tan!) Ht 


tan +4 
=tan?)\"——_ 9 
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Examples X1V 


Integrate w. r. t. x the following — / 


7 
Ome -—1) (x +2)" 


1 a 
A) (x+1) (x-1)’ Cr 3) (x+1) 


te 
+1 = 9 
AY 22 “a6 (5) +1) (x+3) (x+5) 
Pai peice +2%-3° 
x 
8) (1+2x°) (2 - x)” \®) (1 +.2°)( FO J 
oe =) a1) 4 + ab 
(x? — 1) x(x+a'(x +b) 
x+1 2x 23 
2) am ae 8) - BGs): 
5x? +4 2x +3 
i) eT) GED). Cy (¢+1)*(- 2)" 
a 1 
(16) (% — 2)?— (17) (x+1) (e-1)*" 
fQ) woe te i 7 
J) Gan Gey ~ U) gry (20) att. 


= x 1 
Pi CFA) ED) 22) Sata 
1 
23 t —= 
(23) a V1l+x [ pu : 26 


2 ee ae 
a x(1+: a’ Eee, x°(44+1) ’ 
put et=z | 
5) 2. (9g) ——* 
Lee (6-1) +1) +1). (27) Baer x 


1 ] 
20. Se (29) + ——+_—_., tha 
( 5+30cos x ( 58 chek (30) 5+4 cos x 


| 
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bi) e— (32)-—2 


2+ cosx +sinx 2+ cos’x 


Cos % 
87 sin’ x + Qsin x” 
(34) Express ax” + 26% + cin the from 


X (Ax? + 2Bx + C) + 2 (x + v) (Ax + B) where A, B, C, 
are given. Hence show that if 1 + . = 0, then 
plete ba. ES ax +b 

(Ax’+ 2Bx+C)“" ~~ A(Ax+2Bx+C) 
and that the condition > +p =0 is equivalent to 
Ac + Ca = 2B). } EMD. I. J 


_ acosx+b 


ituti = = = btain the 
(35) Use the substitution cos 9 Sai ees and obtain 


formula 


f dx 
at+bcos* 
1 Sf xf \8-COSATD 
Va -b a a+bcos x 


_ a ee (ee if —¢ <r<0 
Ja—b° a+b cos x 


if 0 <*<r 


where b< a 


*CHAPTER IX 


METHOD OF SUCCESSIVE REDUCTION | | . 
IRRATIONAL FUNCTIONS a 


42. Formulae of Reduction / 


Sometimes it is possible to make an_ integral depend 
upon another similar but simpler integral. This is in 
most cases effected by Integration by parts. Such a 
relation between a given integral and an easier integral of 
the same type is called a Formula of Reduction. When 4 
Once a formula is established, its repeated application en- — 
ables us to complete the integration of the given function, 
We consider in this article a few such cases. 


(1) Let “s = f tan” 0 d® where n is a + ve integer. 3 
= f tan” 6 d0 = f tan™”6 tan? 6 dé 
= f tan*°6 (sec-@ — 1) d§ 
= f tan*6 sec’@ dd — f tan*°9 de 


f tan™9, © ( tand ) d®@ — f tan*’6 dé ; 


pe | tan”19 ad In-2, 


I,= 7 tan" "6 — Tn» is the reduction formula: 


By the successive application of this, we can complete ; 
the integration of tan"O w. r. t. 0. 


2 


i. ee err pee 
This Chapter may be omitted by Intermediate students. 
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Fx. (2). fcos*x sin’x dx, 
_ Here the power of sin x is odd ; hence we put cos ae 
, ax 
so that—sin x w= 1, and 
tie ei Sarvs 6 2 in 
f cos"x sin’xdx= f cos'x (1—cos?x,? sin x at at 
=-ft'(1-f) dt 
=- ft! (1—22?+24) dt 
=— f (t-28420) dt 


1 2 ih 
a PO eS 
= 7+ 9 i 


— 1 T , 2 0, 1 1 
ay cos'*+ g COS %— zz cos!x. 
Ex. (3). f sec®xdx. 


, «2 0% 
Put tan x=/ so that sec-x ai =1, 


4 
#, f sec’xdx=f (1+-tan?x)*sec?x 7 di= f (1+2)3at 


=f(l1+3P+3H+0) dt 
=t+B+ sP+7t 
—tan x+tan3x+ 2 tan°x+ 7 tan'x- 
44, Some Irrational Functions 
Before closing this chapter we consider a few 
examples of the integration of irrational functions. 


1° When the integrand contains fractional powers of x 
we can make the integrand rational by the substitution 
x = # wpere p is the L. C. M. of the denominators of the 


fractions occurring in the index. 
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1° Take f sin °°! xdx where p is a+ ve integer. 


. ax _ 
Put cos +=? then-sin % di | 
5 ey?) . aX 4 | 
sfsin ?’" xdx=fsin’ x sin x dt j 
. dx, 
= ~f (1=cos’) ? ( ~sin x F )a 
= -f(1-F )Pdt. 


We can now expand (1-7?) ® by the Binomial Theorem 
for positive integral index and integrate term by term. ; 

We can similarly integrate cos °+1x by putting sin x = i. 
2°. Consider next f sin??*!x cos” :xdx, where p is a + ve 
integer. 


: dx 
Put cos x =1, then —sin x dt =1 and 


= f sin’? y cos” xdx = f (1-cos?x } ? cos" asin Fd 

| =-f(1-£) # at. q 

We can now complete the integration by expanding — 
(1-2°) ? by the Binomial Theorem for+ve integral index. 


We can similarly work out/cos??ty sin"xdx by putting 
sin x=. q 


Iltustrative Examples 
Ex. (1). fcos! xdx, 


dx 


Put sin x=1, so that cos x dis 


: d 
+. f cos? xdx ={ (1—sin®x) 3 cog xs = {i 1—£)3 at 
=f (1-3P+43¢4~ 46) ay 
=1-H43p8_347 
=Sin x—sindx4 2 sin3 X%—4tsin? x 

We can integrate sin3 x cos’ x in this wa , 4 
ae ? y. Compa Its 
with those of examples (5) and (6) § 37, pane eteas 


3 
= 
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Examples, I,=f tau 46 dé. 
j= tan3 6—T, 
1 Ip=1/1 tané—I, 
But Jyp=fldb=6 +. Io=tan 6-6 
- \ Ty=4tan36-tan6+6 


(2), In=S sin"9a0. 
Integrating by parts, we have 
In=J sin” 0d0 =f sin*"Osin 6d0 


aha 
= fsin""07 5 ( -cos@) dO, hare u=sin"! 6, v = — cos 9 


=f sin" 0 (~cos9)— f (=cosd) S(sin™9) a6 


= sin” 6 (—cos0)+(2-1)fsin “6 cos’ dO 
= sin” 6 (—cos9)+(n—-1)fsin 719 (1-sin’?) dO (note 
this step. ). 
= =sin™! @ cos 9 +( n—-1)fsin*"0d8-(2-1)fsin ” 6d0 
= —sin*! 6 cos 0+(u—-1 )In-2—-(u—-1) In. 
Transferring the term I, to the 1. h. s. we have 
nIn= —sin* 0 cos 0+ (2-1) In-2. 


- =n 1 yn 6 cos 6+ nai li 
n n 


Similarly, if I,=f cos "0d 
n-l 
1 


we have I, = cost Osin 0 + cammee Co 


43. Some Special Cases 


In (2) of § 42 we obtained formulae of reduction for 
the integration of sin”x, cos"x. In some special cases, 
however, the integration can be effected more easily by the 
method of substitution. We consider a few such integrals in 
this article. 


202 


(3) Prove that jas 29°) @-9 log = X) 


ELEMENTS OF CALCULUS 


Examples XV © 


d 11 a 
(1) Prove that lage TGoa (-b) b-a J( 


dx 
(x-+1) V(x" 41) 


110 ( L+s a) 


L—-xt J2xn+ 


(2) Prove that ie 


: Jx-1 
(4) Prove that fee =2 /x+ log Ta¥l’ 


(5) Prove that Sarasa 


(6) Prove that f sin*x cos” 2xdx 


= 4 cos'x — § cos’* +3 cos**—cos x. 


pe Dn a, 
~ (@c—B) V (ax2+2bx-F0) 


IRRATIONAL FUNCTIONS 201 


3° When ‘the ‘integrand contains/ (ax°+2b%+c¢) but 
no other irrational terms, the method of procedure is 
suggested below. No general discussion is attempted. 


dx __ pxtq _ 


Integrals f J (ax? +2bx +c) and {7 J(ax* +2dx+0) nau 


been already considered before. 


dx 


For the integral f (ekg ae Fibre the proper 


Substitution is + p= a 


bie a 
Ex. (3). jf (etI)V 242243 


1, obopg. (8 
Put rtl=4; then = gi and 2+2x%4+3 = at? 


1 ax 
eS =f _____— 7 dt 
. fave x+2x+3) (x+1)* /+2x+3 


1 
= Saaanay oe = at 


dt 1 dog (2+ V 281) 
=: J/1+2 J/2 
Log V2tve teats 


=" 79 18 x+1 
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fx; (1). 
Se / 


Here 1. c. m. of 2 and 5is 10. Hence put x=?". es 


xi? 


_— cia 
ieee frp 10/*dt=10 JS mit 


1 
= 10 f (2-048—P+4—P+1-75,) dt 


1 i 1] 7 1 pl. a ie 
=10 | 3M-M+ 5! alte 3 +? — tan 


Ligh A I” ag 1 uk 1 
2416 Ee x13/N0 — 7 qlINO 4g goo — = iio dj a 3ON0 — z x 


+ x1/10 £3 tan 11/10 | 


9° When the integrand contains J (ax +b) but no~ 
other irrational term, the substitution ax +b = ? renders. 
the new integrand rational. ; 


pe ih (x-+2)Vati 


Put x + 1=? then 3 a = 21, and 


Samant 
(x+2)V x41 sr Seay A os 
H- 20-41 
=2 (ay P+1 


nauk ) at 


= 43 —6§1+8 tan" 
=4(x+1)/2—6(x+1)!2-18 taniV x4] 


CHAPTER X 
INTEGRAL AS THE LIMIT OF A SUM 
45. Definition of an area. 


We are familiar with the idea of an area as applied 
to any figure bounded wholly by straight lines. Thus the 
area of a square piece of plot whose side is a feet is a 
square feet. Also the areas of a rectangle and a triangle 
are known. The area of a polygon can be easily obtained 
by splitting it up into component triangles. 


We now extend the idea of area to the case of a figure 
bounded wholly or in part by a curve. We construct two 
rectilinear figures, one including and the other included 
by the curvilinear figure; and if the areas of these two 
approach a common limit, then this common limit is 
defined as the area of the curvilinear figure. 


Suppose it is required to define the area included 
between a continuous curve y=f (x), the x-axis and the 
two ordinates x= a and x= 0D. 


Here we divide the interval (a,b) into a number of 
smaller sub-intervals, and construct on these as bases two 
sets of rectangles, one including and the other included 
by the curvilinear figure. As the number of sub-intervals 
is indefinitely increased in such a way that the greatest 
of the sub-intervals tends to zero, the area enclosed by 
each of the two sets of rectangles approaches a certain 
limit; and it can be shown that these limits are identical. 
This common limit is by definition, the area of the 
curvilinear figure (See fig. 37.) 
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Let us now translate this into the language of analysis, 


We first consider the case when f(x) is continuoys 
and is steadily increasing with x in the range (a, 9). 


Fig. .37 


We divide the interval (a, 5) into a finite number of 
sub-intervals by the points 


My Hl; Xo 68s vows eRe Vees Xn-|, Xn, Where % =a and x,=b 
such that %9 < 41 < %» < 4% <.....0.., < Xn < x, 


Let us denote by 5, the difference (x,—x,4), and by 
yy the number f (27) for r=0, 1, 2,........... 2, | 
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= (x4 = Xo) ar (9 %1) + (x5 = Xo) +...t+ (Xs — Xn-l)- 


Sig ke 0-0; 


n 
also = , — Yrs) = In Yo = f(b) - fla) 
Y= 


Now consider the sums :— 


nN 
S=dit yodat ....ccee End = LYS. ce cccececee (1) 
il 


n 
and $= Yodit yBo+ see eee + ya By = Lyra 57.....-(2). 
eT 


As f (x) is a steadily increasing function, we have 


Vand yy ge oconevee = 9} = Vo 
1. Lypdy SeLyady te. SDS. 


Also Zyrd- >Byodr i. @. Sf (a)* (b-a); 
Lyd, <ypdDd, 4. SSS (b) - (6-a); 


and Ly-10, od 0r : de é. sof (a) : (b-a) ; 
Dy B-<ynddy i. &. SSF (b) * (0-) ; 


*. (b-a) f()SSSsSlb-a fa ........ . 2. (3). 


These relations do not depend on the mode of dividing 
the interval into  sub-intervals. Now as m->° in such a way 
as to make the greatest of the sub-intervais tend to zero, it is 
plausible that S may approach a limit, say I, and that s may 


approach a limit say I’. 


| ees Pe ee 
2 , 
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n 
But S — s =3 (yw — yr) 8¥<E (y% — gra) 5 where 3 
1 


is the greatest of 5, and S (y — yr-1) 3 = 3B (sr — yy) 
= d(y—y) =3{F(0) -f@} 


S-s<u{f(d)-S(a }. 
~ Now let © in such a way that 5-0, then (S — s)>0 
2. €. S and s tend to the same limit i. e. I = I’. 


This common limit of S is defined as the area of the 
curvilinear figure bounded by the curve y=f (x), the axis of x 
and the ordinates x = a and x = b., 


We have so far considered the case when f (x) increases 
steadily in (a, 5). In the case when f (x) decreases steadily 
in (a, 6), the signs of inequality in (3) are reversed, and 
(s-—S)>0 as 8 0, so that S and s havea common limit in 
this case also. Further, if f (x) is sometimes increasing and 
sometimes decreasing in (a, b) in such a way that the 
interval (a, 6) can be divided into a finite number of smaller 
intervals, in each of which the function f (%) either steadily 
increases or steadily decreases, then we combine the results 
of the two cases considered above. 


Thus if A denotes the area bounded by the curve 
y=f (x), the x-axis and ordinates *=a and x=b we define 
v=] . : r=n 
A=lim 2 (x%-x%-1) f (x) = lim > (xXr— x1) fF (x4) 
y=) - =] 
Note 1. The geometrical interpretation of the various expressions 
occurring in the foregoing analysis is easily seen. (See fig. 17. ) 


Thus in (1) y, 8, is the area of the rectangle SQNM; and S is the 
sum of the areas of such rectangles, 


Similarly in (2 ), y,-1 §, is the area of the rectangle PRNM ; and s 
is the sum of the areas of such rectangles. 


one me tne a ata 
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Again ( b—a) f(b) = area A/UBB’ and ( b—a) f (a) == area A/ATB’ 
and { f (b)—f (a) \ § = area of a rectangle whose sides are BT and the 
greatest of the sub-intervals. 


S-- sis the sum of the areas of the small rectangles like PRQS. 


Note 2. The discussion given above applies to such continuous 
functions as either increase or decrease in any one of the finite 
number of smaller intervals into which the given interval is divided. 
Most of the functions occurring in practice are covered by this 
discussion. 


If, however, we wish to extend the discussion to all continuous 
functions, the following modifications have to be introduced :-— 


» Me If og, is the greatest and pr the least 
value of f (x) in the -sub-interval 5, we 
form S and sas 


n 
: S — > Ox 0. and s= 2s 6, 
— 


and proceed to prove results similar to 
those in the above discussion. 


The inscribed and _ circumscribed 
rectangles for the interval 6, are shown 


We) 


Fig, 38 in fig. 38. 


Further, is €, is any value of x in 6, then g,, > f (€,) > py; and 
if S and s havea common limit then & f (&,) 3, has also the same 
limit. 


Note 3. After obtaining result (3) in the foregoing analysis we 
Said, it was plausible that S may approach a limit I and s may approach 
a limit I. In fact, it can be proved by what is called Darboux’s 
Theorem that S ands do both tend to limits (not necessarily 
the same). The proof of this theorem is beyond the scope of 
this book, 
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46 Expression of an area as an Integral 


Let A denote the area of the curvilinear figure 


P»PNM bounded by ‘the continuous curve + =f (x),° the 
x-axis and the ordinates at a and x; OM=4, ON =x. 


Fig. 39. 
Weckeep a fixed but vary x; then A varies with +, 
i.@, Ais a function of %. | 


As x changes to x+h, let A change to A+3A; then 
3A = area PP’N’N 


= area of rectangle PRN’N + area PP’R. | 
=hf (x) + area PP’R. 


Now if o is the greatest distance of a point on the 
arc PP’ from PR’ then the area PP’R is less than ho. If 
we denote the area PP’R by h9, then|0|<| |. 


Now 3A=hf (x) + 26, 
and f (x) is a continuous function of x. 


oO ash>0;but 191 <lo], + 650as h-20 
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Thus we find that 


the ordinate of the curve is the derivative of the area. 
Again, if ¢ (x) is a function of x, such that 4/(*) =f (x) 
then we have. 


aa (x) A= f f(x) dx = 6) +c; 


but the area A is zero when x = a 
“ 0O=$(a)+caiec= —¢(a). 
» A=¢(x)- ¢(a) 


If the area A is bounded by the curve y =f (x), the 
x-axis and the ordinates x = a and x = b then 


A = ¢(b) -— ¢(@. 
‘ . 
The symbol | (x) ] is used to denote ¢ (b) - (a). 


47. The definite integral 


The area A bounded by the continuous curve y = f (x), 
the x-axis.and the ordinates * = a and x = 3 is expressed in. 
§ 45 and. § 46 in two different ways, v7z. 


Tan J ee A 
A=lim %& ( Xp — Xy-1 ) f («,)=lim ae Raa 
aaa ae . 


and A= dp (Db) —¢ (a), where (x) = f , (x) 7 a re (2) 
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1 
When both the limits, viz., lim (x, - 2-1) F (x, ) and 


7) : 
lim & (%-—-%-1) f (x1) are identical, the function f (x) 
1 


is said to be integrable, and the common limit is called the 
definite integral, and is denoted by 


fils ax 


a and b are called the Jower and upper limits respectively ; 
f (x) is called the integrand ; and the interval (4a, 5) is 
called the range of integration. 

Again (2) shows that if ¢ (x) is a primitive of f (x) 
w. r. t. %, then the result obtained as the limit in (1) is 
given by { $(b)—¢ (a) }. Hence, 


if f f (x) dx=¢ (x) 
b b 
then ff (x) ‘dx = | (x) |, =¢ (b)— ¢ (@)...... 000 (3), 


Note that in calculating a definite integral from its 
_ indefinite integral, we may omit the arbitrary constant in 
P the latter ; for 


[sere] 


= [p(b) +4 ~ [9la) +c] = 806) - (a) =[ 4 a) ] 


Ee 47.1. Even though we have defined the definite integral 
in connection with the area, there ‘is nothing in the defini- 
_tion essentially connected with the idea of area; for, given 
_ any function f (x), we can divide a given interval (a, b) into 
_ sub-intervals by points a, M1, Xa... 


is 
Be 


| ‘+>—~—Xn-1, b, and form the 
two sums S and s as in § 45 and if the limits of both the 
sums exist and are identical, then the common limit 1s 


: 
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ae as the definite integral, and is denoted by 


fi x) dx. If, further, a function ¢(%) can be found such 


that @’ (x) =f(%) then we have 
b 


limS =lims =f f(*)dx=4(b)-4(a). 
a 

This defines a definite integral as the limit of a sum. 

If the function f (x) is Continuous then the two sums 
do have’ a common limit, and every continuous function 
therefore, is integrable. (See § 30-1. ) 

Illustrative Examples: 

Ex. (1). Consider the area of a circle. 


We can consider the area as the common limit of the areas of 
circumscribed and inscribed regular polygons as the number of their 
sides tends to infinity- Thus, 

S =area of circumscribed regular polygon of z sides 
= yr? tan m/n where 7 is the radius of the circle. 


Now as 72-> 00, 2/n—>0 and 


tan 1/n 
nr tan w/n=nr* rn ar 
tan@ sind 1 
as 4 “h- Cos 47> las 6-0 


S>rr? 
Again, if 
s=area of an inscribed regular polygon of 7 sides 


sin 2n/n 
— 2 Cy — yd __—> r2 
=5nr’ sin 2n/n=—nxr n/n w 


as n—> 0 1.e.2n/n->0 


tr? which is the common limit of S$ and s is the area 
of the circle of radius 7, 
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Ex. (2). Evaluate f . xdx 


(i) by regarding it as the limit of a sum ; 

(ii) by considering the indefinite integral /xdx ; 

(iii) by considering the area it represents, 

(i) Here f (x)=x and the range is (0,@); dividing the 
range into 2 equal parts by points 0, %4, %2)......0. see. 


ar 
%-1, @ we have, as x, = on 


n nN, 9 n 
SHE (%¢— 1) f (a, = “Sa Sir 


1 n n- 1 
_ @  n(n+1)_ 2 
—~ we" 2 ~) 


“Es ra Xy- weg Br ~1)> 


= S201) 


a a (n—1 
— 0 1 2 eee — —_- ws. 2¢ Anim \n 


(1-4) 


asnv—->0o,S > Sand soe 


Both the limits are the same. 


a 
fxdr ==. 
0 
a 
(iii) f xdx= = 7 a@ 2 


INTEGRAL AS THE LIMIT OF A SUM s2i3 


J ; : . 
(iii) y= is a Straight line and the area represented by 


a 


ni x dx is the area of gq right-angled triangle 
0 


each side containing the right-angle being a 


, 9 
- Q 
The area, therefore, is —. 


2 
a 2 
co xd = 
1/2 
Ex. (3). Evaluate she sin x dx. 


(i) by regarding it as the limit of a sum, 
and (ii) by considering its relation to f sin x dx. 


(i) Dividing the range (0, 1/2) into 2 equal parts 


wr 
a “= gqand Xp — Xp. = 1/2n, we have 


‘ 
s . sm a iv 


| a 
“(x ee tn eS Se 

SS 2 a= Feet) BO 5g og 

ee Me ox ple T | sa 

ey eee tai ~ An I sin “9 ‘On| SIN 4y 

a el FT pF \ a tt ot. 

= Fp sin( 5 +5) ae | sin 


7 
=2Si wee —. i 
" > oo ( 4 T Ti . 


“ S>2 sin 7/4: sin w/4 + lasn->o be. /4n—>0 


: SL for'sin 2 2 a! em Th ki 
4 fh, | Ye 


-C. 8 . ; r 
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Similarly, we can show that 


2 si (4 wT )sin x . sinw/4n 
=? sin(— —- JS" 77> a/4n 
s 4 4n 4 a [4% 


«© g—>2 sin’7/4 =1 as n—>o ie, 7/n>0 
7/2 

f sin x dx=1. 
0 


(iii) f sin x dx = —Cos x 


w/2 . [2 
oe sin x dx = [ -c0s =] 5 =0-(-1)=] 


Ex. (4), Find the limit of =| hee 
e n : 
as 27 ©. 


te 
If f(x) =e" andx,= r, the interval being (0, 1), 


we have 
n 
n nie u +e My sees sen ag giinl 
P  — ie 
n Xx, 
=Le (%,—%-1) 
 — 


lm —Ye = = 1. 
n>o ” Be =f. edx= [ # | 77 


47-2. Results similar to those of §§ 
33, 34, 
proved for definite integrals also. Thus.— Se 


b 
(1)° J, \ f 1 (a) +f (x) bar= (fla) dxt "fh, (x)dx. 


= 
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b b 
) / hf(x) dx =k f f (x) dx where k is a constant. 
a a 


3) mor '(a) dx= [ f(x) )#()]- f d(x) f"(x)dx 
=[ f(b) 4 (b) - f(a) #(a)] 
-f- &(%)f" (x) dx. 


5 d 
) f fle) de= fo s{alt) bo (a) at 


if x= (¢) and ¢=c when x=a and t=d when x=6b. 

Result (4) shows that if we change independent 

variable in a definite integral, the limits of integration 
must also be changed. 


These results can be proved by considering the corres- 
ponding indefinite integrals. For example, to prove (1), 


let f fi (x) dx= (4) and J (2) dem go (x) 
then f {fi (%)+fa( (4) }dx= $1 (%) +4. (x) by § 33. 


b 
af | f (a) 4H) fase[ wsdl 1, 
= [dil b)+¢42( 5 )] 
— 
= [n(b)-4:(@)] 
gs ‘ (b) — $s(a)] 


b 
Jf (2) det f falas 
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integral as the limit of a sum; thus: 


re | py(x) +flx) fax 


Proofs can be also based upon the definition of the 


= lim fC) +f a7) | (xp —Xr-1) 


N>D, 


n 
= jimSf1 (4) (ae — 0-1) + lim Vie bie) (hee a4) 
n>ol 


NwwmP 

b b 
=f fi(a)dxt f fo (x).dx 
a _ * _ a * J 4 


Illiustrative Examples : 


ag Sa the 3 cap f2 - m2 
Ex. (1) F * COS Xdx = [: sin x| — f sin x dv 
ws No abet 07 , “O°. t+ 0 
P 1/2 
=-—--— 0+ [cos = 
By at) 0 
“ 
: a } 2a ; 
Re : xdx + .1 oe Pe, ae 
¥ Ex, (2). iF a+ x 9 : ri on. putting a + x=? 


a 
aah Oia ee ro. ea? 
=; [toe 1] 


=; log 2a*—log a | 
a: 


| x log 2. 
48. Sign of an area ; 


If f (%) is negative throughout the integral (a, 6) where 
b >a, then Bf (4%) (x--41) is negative: we are thus led t0 
assign a sign to the area, The usual convention is that as We 
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proceed along the curve, if the area under conside 
to our right it is taken to be positive, and if it 
left it is taken to be negative. (See fig, 40.) | 


ration is 
is to the 


? 


Fig. 40 
If f (x) is positive but b<a it is seen that the area 


pS) 
f af (x) dx is again negative. 


_ Example: Consider the area bounded by the curve y=sin x and 
the portion of the x-axis between x = 0 and x = 2r. 


Q 
4 ; , Area O P A is + ve, and 
area A QB is—ve; numeri- 
cally the two areas are 
known to be equal. Ilence 
the algebraic sum of the two 
areas is zero, (See fig. 41) 


We, therefore, expect 
*% the value of the integral 


Zi. i 
f 0 sin v dx to be equal 


. lig, 41 
to zero. This can be seen to be so, 
for Sf, sin x dx =| 008 ‘|= [ - cos 2 x |-[ -cos 0 | 


=(-1)-(-1)=0. 
If we want the sum of the areas OPA, AQB both considered 
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positively, we must consider the two ranges 0 to x and to 2 2 
separately. Thus 


T 
area OPA = fT sioxdr=[-cos x |? =[ -coss | l cos 0 | 


=1=—(—])=2z. 


2r 
on =) —Cc san |-| - re) | 
area AQB = {— sin xde=[—cos x | [ re) COS i 


= (~1)-(1)==-2 | | 
.. area AQB considered positively is 2 sq. units, | 
-- The sum of the two areas considered positively is 4 sq. units 


49. Area referred to polar co-ordinates 


The area bounded by the curve 7=f (9) where f (9) isa 
single-valued continuous function of 9, and by the radii 0=q 
and @=8 is given by the formula 


A=} fer do= f° | (8) aa, 


For, as shown in the 
fig. 42 we construct two 
sets of circles with centre 
O, one set including and 
the other set included by 
the curvilinear area; if 
S and s denote the 
areas of these two sets, 
then S=3 Yy’,8 6, where 
‘86, is the angle between 
rr, and 7. 

Fig. 42 S=3 Ir71 8 G,. 


A 
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Now as 7 ={ f (9) }2 is a continuous function of 9 
in (4, 8) S and s have the same limit as the greater of 


50,20. By the theorem on integral as the limit of a sum 
this common limit is given by , 


B B 2 
s(rdo=4f {F(0)} a6 
a a : 
which represents the area required. (See § 47.) 


Illustrative Examples. 


l n°) 
Ex. (1) 7= “3 sec’ “9 represents a parabola whose semi-latus 
rectum.is /. The area between the curve, the initial line 


, vr 
and the latus‘rectum which corresponds to @= > ’ is 


equal to. 
r/2 n/2 
}2 
4 f Pdd=3 4 f sec! -5- dé 
0 0 
w/4 ES 
12 8 
= 5° 2f sec! p df, puting $ => 
0 
1 


The area between the parabola and the latus rectum is double 
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this (as the curve is symmetrical about the initial line) and is equa 


If we take the equation of the parabola in Cartesian co-ordinates 


as y’=2)x, the same area is given by » 
1/2 12 3/2 bie _ 3/2 


ae _ es 4 yal 
2 ydx=2 f J 2ix dx=2 V o2l [ x ] = ( ) 
| J, fq) 3 0 2 


Ex, (2). Consider next the ellipse a+, eof, Its equation in 


polar cO- ordinates is * = cos, sine The area is 4 times the area 
in the first quadrant and the limits of 6 for the first quadrant are 
0 and n/2. 


t/2 wo (me a 
Area I 4a {7 eda =20°b? f° a sin?6-+& cos?6 


ae 9 7/2 
_sec* 0 dé poet g ‘tan7) - tan] 


= 2a*b? f eC: 
0 a taneo+h ab b 0 


= 2ab(/2-0) [see § 52 for this integral ] 
=< 4705 


In Cartesian co-ordinates, 


a ie ae 
the area = 4 f peasy { ve-* dx; put = asin 6 
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m[2- 7/2 
=tab [ cos*9dp = 2ab { 5 (1+ cos29) dé 


=2ab [0 + 4 sin 26 | - = 2ab 7/2 
=rab 


Ex.(3) Find the area common to the two parabolas y=4ax and 


The required area OLPMO 
= area OLPA —area OMPA. 
The point P is ( 4a,4a ) 

The area OLPA 


4a 
=f 0? dx where y? =4ax 


=2a' f-" a/ xax 
0 


= 2a? [2 a0 | 
Ge 3°° 0 


Eig. 43 


Area OMPA = f 7 y dv where «?=4ay 


r (4a,, 1 E 4a_ 16 9 
: ele = al 
4a 0 4 da 3 10 


oe ci a ee sre (ee ee ag 
. Required area = ae tl 3 


It may be noted that area OLPA = 3 rectangle OAPN. 
and area OMPA =3 rectangle OAPN. 
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- Ex. (4) Find the area of the loop of the curve 


hic] 


he curve, 
g features of t 
( See. fig, 44) 


We note the followin 
to determine its general appearance. 
If x is— ve, y iS not rea). 
y=0 when x =0 andx=a, / 
The curve iS Symmetrica) 
about the x — axis; and the 
y — axis ; touches the curve at the 


* origin. 


Fig. 44 
The area of the loop 
2 a 2 Z 83, — 2 
=2 (7 de= ef / x(a—-x)ax= —— [ oo @¢ 2a Al? 
er wasp on ak 3 eh 0 


27 2 an 2 ne] 8 9 
re? le: 2 5 © ]=a5@. 


Ex. (5). Find the area of the curvilinear figure bounded by the 


g a @,a —z/a 
, catenary v¥=-5-(e te  )and the ordinates at x =0 and x =6. 
sie ; My b 
Area = i ydx 
0 


b 
=f, (e°/°-+-e-7/" \dx 


b 


a 
= — ag = —e/3 
9 [ ae I 


= Few" . e~¥*) 
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t at P makes an angle } with the x-axis, and PN 


If the tangen 
d NL is drawn perpendicular to the tangent at P, 


is the ordinate an 


we have, 

NL = PN cos¢ and LP =PN sind 

° dy =} (e/4—e7»4), 
but tan¢g= (3) a 
sin p = (ev!) | (e¥2-Fe"""') 
and cos f = 2 | (e-"* +e”) 
and PN = 5 (ert e-8 
NL = PN cos ¢ =a 

and PL= PN sin i) = =( eb'te-H!) 


a ° 
“2 area of A PLN = PL: NL =% ( eb'2_e-b/? ) 
= atea of curvilinear fig. considered. 
Examples XVI 


Prove the following (from. 1 to 10):— 


n/2 a2 
(1) i) sin’ xdx = f cos xdx = fe 
~ 0 0 


rl 
(8) J" ‘sine sin 28 dx = 2, 


(4 7/4 sin x : 
) -. cos’ ax oa 
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1 ————5 =i -1). 
(5) fox vite da=3(2V2 


1 2-2xt+x 4 ° 
1 dx 4 
(7) f —— 3 J2 
— 0 wlra= NE 
lA 
wt ti ~+4 
8) J x cos x dx = ha I. 
yenl2__sinxcosx dx _, 9, 
(9) J, cos'x + 3cosx +2 OF 8 


| le dw 
{10) J g @cos'xth'sin’x — 2ab 
(1/5 ow that the area bounded by the parabola ay=¥7 
7 : the x-axis and the ordinate x=ais 3a. 
AL? Show that.the area bounded by the parabola ay=¥, 
the x-axis and the ordinates x= a, x =2a is 4 a’. 


(13) _ ShOw that the area in the first quadrant bounded by 
the parabola ay = x, the y-axis, and the line y =a 
is $a’. 


( get that the area bounded by the curve y=x’, the 


x-axis and the ordinates += 1,x=2 is ? : 
(15) Prove that the area bounded by the curve y=", the 


4-axis and any ordinates is 1/(n+1) times the rectangle 


unger the co-ordinates, 
(16) Sow that the area ini the first quadrant between the 


rve y=%° and the line y= 4x is 4. 
(17) Show that the area enclosed between the. curvé 


\S ¥ = (*-1) (2—x) and the x-axis is 2. 


ares Ns y 


) _ Prov 


: _e=—_—LS 
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Show that the. area enclosed by the curves y~ =x 


and y= x is &. 


Show that the 
the #-axis and the ordinates «= 1, 


e area bounded by the curve +y™ 1; 
x=2 is loge 2 ° 


Show that the area bounded by 


(i) _ the curve y=x 23%, the x-axis and the line 


de he Bee 
— y 2K IS Bile: | ‘ 
2 
(ii) the curve y™ 4° —3x and the line y= 2x 1 (25, 


e that the area ‘between the parabolas y= mx 


and #2 = ny is 3 mM. 
spew that the area Cc 


#4 2 = 1 is dab ta 2. 


ommon to the two ellipses 


ce - ie 
B+ re 1 and p 
scloiil , 


Show that the area hetween the c 
and its base is 35a’ 


x=a (O-sin 9); y= (1-cos. 6) 

show that the area of the loop of the curve 
8 

y= = x) iS F5° 


Show that the ase of the loop of the curve 


yrs # (1+) is ae 
y elog & 2+ 
Show that the, area bounded by the cissoid x= sin’ 4 


Bat 


sin°t’ 
= - tote iS ~ 
I> oe ,and its asymp 4 


(29) 


(30) 


(31) 


(32) 


(33) 
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Show that the area between the curve whose equa. 
tion is y(2a—x)=%** and its asymptote Is divideg 
into two parts in the ratio of (37-8) to (3748) 
by the ordinate x =a. | (M. T, I.) 
Show that the area enclosed by the curves 
xy’ =a'(a—x) and (a—x)y’=a'x is (r#-2)a’. 

° (M. T. 1.) 


Show that the area enclosed between the curves 
x = y'(1—x) and the line x= 1 is =. (M- T. 1) 


The co-ordinates (x, y) of any point of a closed 
curve being given in terms of a single parameter #, 
show that the area of the curve may be found by 
integrating, 


dy dx 
2 f ( xn y=) dt round the contour of the curve. 


Trace the form of the curve given by 
ee es eae 
1+ Pe 1-2 
as ¢ increases from — © to + © and apply the above 
method of integration to show that its area iS ¢r. 
(M. T. 1.) 
Show that the area of the leminiscate of 7? = cos 28 
is a’. 


Show that the area of a loop of 7 =@? cos no is®. 
n 
Trace the curve y cos 0=a@ sin 38 and show that the 


a 
area of a loop is g (9V 2-42). (M. T. L) 
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a Show that the area of the loop of the oer 
; (a°+y° )’- 4axy=0 in the first quadrant is =% 
(Hint : transform to polar co- 


ordinates, ) 
(35) Prove that 


n—1 i 
(i) lim n % 


mw>o r—0 2° 24 


_— 


Fie 


n—-l 
and (ii) lim 4 B Vat —7 


N—>CO n° 7=0 


tt 


CHAPTER XI 
DEFINITE INTEGRALS 
APPROXIMATE INTEGRATION 


50. Simple properties of the definite integrals 


b 
f f(s) dx= — Su 
For, if ¢! (x) = fa) 
b a 
{f(s)dx=d(0)- 6a = — tld - 40) = - J ,f (x) de, 


. The areas represented by the two integrals are equal 
in magnitude but opposite in sign. 


Sogenaee Sj =a) ax 


® 


F a 
| For putting x=a-7 in ee have 
= fo fla )dx = f° f(a~t)$ Fae=— Sf? £( 
Weteea ie “by (1) of 50. 


Sof dx) az 


This is really equiv rea 


_ : alent to considering the same 4 
as given b | 
: i; o! (x) dx, after transferring the origin . 


(a, 0 
) and reversing the-direction of x-axis 


an th awe t 
SaaS ott ge ere 
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iiustralive Examples. 


Show that f ha in x) ie 
Ex, (1). Show 0 (sin x)'dx =J f(cos x) dx 
7/20 [2 | ee 
J, ate dt= J f (sin 7/2—x) dx by (2) § 50 


v /2 
= f f (cos x) dx 


1/2 


7/2 
We may use this to evaluate f _ sin?x dx and f cos*x dx, 
2 0 0 = an ke 


- 


pales: SU 4 /2 : w/2 Eine 
For f » Sin?¢ ad = f cos*x dx=x f (sin’x-++-cos®x) dx 
0 Re eae ee as a ae. 


7/2 | 
= J 6 + dx=i|4. 


i ‘ . ot ah ; ; 7/2 | } $ 
Ex, (2),.Evaluate J, x sin?xdx se 54" ’ 


“a — __* as ae ° Wo )ax 

n* ax = f (a - X) sin (7 x ws ,. epee 

Ot foes * iw AQ flo Ps oo by @) $500 
* ‘ . . id a 

6 ~ 7 y ; a3a4 ls SPF 


vk ed 4 2) 1 ny 4 5 : 
=f \ (—x) sin’ dx 
0 


i 
J : es . ay ‘9 d gin 
. J ao th re be av I= 3% 
: =r fe sin?x ax — Ji aT re 
ee : 
\ . Se Q-* 
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: 2" xsintede= af sin2x dx 
“Ss 9 0 


arfi3 (1—cos2x) dx 
“0 


T 
‘ f x sin’xdx=7/4, 
0 


i ite integrals 
»51. Two types of infinite integ 


In the preceding articles, it was assumed. that the 
function f (x) whose integral. was required, was finite in the 
interval (a 6): and a, b the limits of integration were also 
finite. We now extend the idea of integral to cases where 


(i) the range of integration is infinite, 


or (ii) the integrand f (x) tends to infinity at or between 
the limits of integration, 


' k 
_ Thus, if f : Ff (x) dx exists for all values of k (>a), 
and if it tends toa definite, limit, Say I, as p> 00, then we 
oO 
say that the infinite integral f I (x) dx exists and is 
a 


equal to, I, 


i. € we define f“fix)de = lim , f F(x)dx I. 
q 


Pwr 
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similarly, we define 

iu f(x) dx 

— 0 ~~) 


= lim ; f° f(x) ) dx f if this limit exists - 
k>o =p, 


and [PP (x) dx 
= [ot ls)dx+ [% 
== . 


where a is any finite number. 


)> co as x35 f(x) being finite 
y + ve number, however Small ; 


In case (iii), let f (x 
in (a, 6-8) where dis an 
then we define : 


fis f (x) dx = lim | (ox Ff (x) ie if this limit exists, 
3>0 a 


Similarly, if f (x) is finite in (2+8, 5), and + (x) > 00 
a8 Xa, then we define: 


7 b ca re 
J f (x) dx = tim { any fH) dx ; if this limit exists, 


TES (x) 0 as x-o¢ where. a<c<b; but f (x) is finite 
in (a, c~§) and (c+, 5), we define 


b - 
f f(x) dx =lim (© of x) dx+lim ae F (x) a 
. 530 ~ a 5>0 


if both id limits exist. 
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If there are a finite number of values like c in. (a, b) 
at which the function tends to infinity, the above definition 


can be easily extended. 


Illustrative Examples 


k ds 
Bx.) f° aga =, lim (aes? 
lina 1 : 1h 
= fi nae cae eos 
me [ q tan ( R 


co ade lim (hk xdx | 
Ex. {5 ea h—>oo J 9 @ +a" 3 


dics = lim - >a] 
sede: VAs h->00 5 a? +x? 0 
a 1 4 aed: 
Ee -|: 2 ype Tag | ae 
i: fl. ad : est? 
Ex. (3). f eae fea 
0 Jf/l—-x peng . 32; 
oe ag Here 1/V1—x-> 0 as aoe but is finite in (0, 1—§) 


a7) INOW {,° wee B af: 


br Se ae as B50, 


ue ae V1—-x 
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‘v9, 
i e“"’cos mx dx where n is + ye. 
0 


fix. (4). 
k 

f e-™* cos mx dx 
0 


ef 


=| atm 5 (—2 cos mx+m sin my] [See § 36. 2.] 


-NX 


€ 
= Pim —3(—x cos mk+m sin mk) + — 


Tt 
> 13 as kD 00 
+ m2 2S 


for as k-> 20, e-"k->0 and cos mk, sin mk, oscillate 
between the finite values—1 and 1. 


= ” 
- f e-™ CoS ix dz = =... 
0 n+ m? 


L 7 
px. 6). [SS | , 
a 


1 
Here 2 —>o as x0. 


1 03: 1 
Hence if ae == f od + Gd . 
oe had 0 * 


O20” “21 
= 1 
= lim [-= é +lim |- =|] where § <0 
§—>0 ae 60 * J§ 
= lim [:-i} ss [-4 T +=| 7 
50 — ~§20 


Now, neither of these limits exists. Hence ‘the integral 


Cannot be evaluated. 


234 ELEMENTS OF CALCULUS 


Note. We must guard against working out this integral as 
1 
f dx. =[-+] = [-1-1] =~2, 
1* * J} 


| 
The result obtained is obviously absurd; for — is always4 pp 


and 1 > —1, hence the integral cannot have a ~ve value, 


1. 
[see graph of y= ein fig. 7] . 


52. Reduction formulae 


We devote this article to consider two definite 
integrals which frequently occur in practice. 


a/2. 
Un = f 5 sin"@ d@ where » is a + ve integer > 1, 


We have from (3) § 42 


if ly =f sin”6d0, then Tn = on cos@sin” 6 + a2 1): 


- ate 
Un= [ - ~ cos ) sin" 8] + Uns 


<A?) 


=@0+ ney. 
n 


: =<] 
os Ue tly, 
If we use this form 


ula repeatedly we shall come to 
U; or Us according as 7 is 


Odd or even. 

x/2 /2 
Now U, = f sin @@9 = [- cos8 | 

0 


1dv=[ 9] - z 


—V_@e 


0 Z 


=], 


and Up= 1/2 
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Thus if as even 
n—1 tl nas 

Un= y} Un-2 NW 1a Uns OC re 

nt lna3n—9 1 

eg fee 9 Uo 

nal n=3n—75 31a 

= ie n-2 ag id, eeecce Oebece 4 92 
and if ” is odd 

_n-in-3 2u _~nva-1ln-3 2 
1% Pm eae ga aE a ro 


We may consider fF 2 cost 6 d@ in the same way ; or we 


may use ex. (1) § 50 which gives 
7/2 n -_ a/2 in”O d@ 
fo cos"0 do fo sin 
Hence we have the important result :— 


“I inrg do= [7 c0s"9 0 


on-1n-3 are if n is even 
= 
dd. 
n-1n-3 ..., : ; fu Bs 
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Examples XVII 


Prove the following :— 


KF (9) w/2cosxdx _ x. 
Soitate “323 (O00 oltsin? x. 4 


L3) ie v(t ya) dee, (4) 7? cos 26 d9=0, 


5 


ae Bs 
(5) i tan'O d@=z7/4-—2 


(6) f 7/4. 8949 = 35 35 
0 256 


-_ 


” fips 4 1) (B—x) By 
(8) f, x log xdx= - = z 


(9) { _sin’x a 


0 sinx+cosx 2108 ( J2- -+1). 
J/sin 
(10) SIN % =. it 
E: “dsin x+ Jcos x dx = 4° 
(11) f7/2__sinzcosadx = 1 
if 2cos'x+3cosxt1 2 log. 


3 


(27 dg " f 
Stztbeaua* a a ifa>b 


(13 1/4 sind +- coso : 
Jo 9+16sin29 9 = 5 log, 3, 
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(14) Sf" mee ta" Togif@<1 


/4_ sin 20 


(15) Jy: sin’ @ + cos! 9 


ai.= i 
4 


ee ee 
09 S99 coxts “ * ade 


ee | 
(17) 9 i+2cos @ a log (2+ ¥ 3). 
Ti wlan = : i i 
(18) = ==. 
I. 4g’ #312" i ae 17° 6. 
(19) S ae ae t5 eds 8 log £5. + tan™ 7 
rosiaestit ee i 3)" if cos a ==, 


; (20) 0. . a x 


53. Approxithate Integration 


ner of Jaltes ae a ae ts (x) 


‘If caly a finrited num 
happens in physical Ths a 


are known, as it often 
ate value of the integral f fla 


y be regarded as a continu- 
graph of y= f(x) 


We can get an approxim 


on the. assumption that f aia the 
ous function in (a, 5). HE we, pitt 


ae (x) dx is equiva: 
from the known values, the integral f ‘f 
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lent to the area bounded by the graph, the x-axis and the 
ordinate x = a and x = b. Hence, we proceed to conside; 
approximations to this area. 


Fig. 46 
Suppose the values 1, Yo,....sceceeee ynai of f (x) when xis 
qual tO: M1," Fapo.esvecesens 4n41 respectively are known, where 


%, = a and 4%n4, = 0. The simplest approximation is to 
replace each strip of the area by the trapezium obtained by 
joining the tops of the ordinates. The area of the 
trapezium whose parallel sides are y,1, y is 4 (1+ 9) 


(4%, —- %-1); and summing up such areas we have the 
oa | 


required area = 2 % (or + yr) (Xp ~ p+) approximately. 
ji 


If, in. particular, the ordinates are equidistant, the 
common distance being h, we have every x,—x,1=h, and 
the required area = 2 Lh (yxy + yy) 

BL (+92) +(yo +93) +... + (Yn t yma) f 


z hi (1+ Yt ) + 2(yo+ 3+ 44+.. + yn) 
approximately, 


This is called the Trapezotdal Rule. 
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Simpson’ s Rule. A more accurate formula is supplied 
by what is known as Simpson’s Rule. This requires all 
strips to be of the sarhe breadth fh. 
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Consider tHe double 
Vr-1 and yr+i; Wwe now 
ArArArti by that — of the parabola y=Ax¥+Bx+C 
[passing through the point Ar4i] and take the 
area under this parabolic arc as an approximation to the 
actual area. | 


As the parabola y=A, +Bx+C 
A at passes through | 


(ray Yra)s (ry ye) and (aes, year) we 


have 

Tees . 
a= Axia + Br + Coocccccccccscie. (1) 
Ver = Ax,’ + Bx, + GC Cece cccceevcecsen ces (2) 
Vet = Ax p44 + Bary So C Ce rir (3) 


v 
Fig. 46 (a) 


Again Xp-t =X h and Nr = Xr + h. 
Now the area under the parabolic arc 
X94) x-th 
=f ydn= f (Ax? +Bx+C) dx; put x=x,+? 
Xp—h 


Xp 


- [a +448 (x4) +0 |S at 


Sf. [(Ax2+Bap+C) + (2Ax, +) t+Ae] dt 
—h 
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+h 
=[(As,+Ba +0)! 4+ (2A%+B) 9 +A ge, 


2 


= (Ax +Bar+C:)2ht+A~3 - 


But Ax? + Bar +C = yr by (2) 


and + yyy — 2 = A (aa t-4— 28%) | 
™ ‘ +B (pq + -1 7 24r) + C0 


=2Ah’ as Bera = Xr — hand Xr = 4h. 
. Area under ae arc = yr" 2h ij ha: oe Yeu — 29) 


yl Jer by tyre Je: 


. Area of the double strip. = 2 Oe +49 ze Ir r 
approximately, 


= 


If now we regard the oie area -as divided into - an 
even number of strips by and odd number of ordinates 1, 
Y2yeeeee-Jont1, and if the result obtained above is applied in 
succession to the double strips we have 


the area = —> al nit 4yot 9s) + (yey +95) 
+(y5 + 4y¢ +7) 1 weceuts =. (Yon-1 +4 yy +y2511) ] 
_h | cae 
= Al (1 + yonsa) +2(y5 +5 + oeecce + Yont1) 


+ 4(yot yet oe. ym | 
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Required area = = > Si +25, + 4S3 ] approximately, 


where Si = Sum of the end ordinates 
S: = Sum of the odd ordinates 
(excluding the end ones ) 


53= Sum of the even ordinates, 
This formula is known as Simpson’s Rule. 
Illustrative Examples. 


x.(1); Obtain an gar eromiunats value of Jog 2 by calcd the 


‘integral {8 i ve ie 
(i) by trapezoidal Rule cee Pa 
(ii) by ee Rule. : 


| *Weih have ie ine = [be i+] = = tes 2 Seah sf 


- Now to obtain an. approximate -value, divide the interval 
(0,1) into. 10° equal parts; so that h=1,=.1 and if 
Vip Voeeeees 411 be the: ordinates -at these points: of division 


of the curve y = iY » we have 


ee ed a 7% 
eect h hl SS kode ke aig ~ & 


1 74S 
ve 1. waig3a99" oy gs peo 
4g = i-2 = 8 : 4 1° 3. 
4 Mal i 
1 
1 — 


= 
I 
i} 
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S.=1-5;  S,=2-72817; S3=3- 45955 


Now by trapezoidal rule, 


© 


the Integral = 4 [S, + 2 (Sp + S3)] ’ 


= 5 [1-5 -+2 (618772) ] 


= - 693772; 
and by Simpson’s rule, - 
: h 
the integral = 5 [Si + 2S2 + 483 ] 
_1 : | 1 

=3 [ 15 + 5-45634 + 13-83820 ] => [ 20-79454] 

= - 693151 
From the tables log 2 =- 693157 . 
_.. error in trapezoidal rule = - 000625 


and , , Simpson’s rule=- 000004 


54. Application to mechanics 
We consider some examples of motion in a straight line. 
(1) Constant Accelertaion : 


A particle starts with initial velocity “, and moves a 
distance s in time ¢ in a straight line, under constant 
acceleration f; if v denotes the velocity at time t, we have 

- dv _ a 
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Wheni = 0,0 =u..u =c 


~v=eutft Bauiticceveanaueseccat ls) 


WS -4: 
Again~7- = v =u rt fi, 


s=f(utfi)dt=ut+iflt+c: 
but when? =0,s=0;  .. c’=0; 


“s=ults ft De a Ae ore eee (ii) 
Anaoth | i 1 j dv ek d y 
other expression for acceleration is v Tee aac | vy’) 
sega pay , ; 1 
seb (v) =f 0 = [fds = ste 
Now v =#whens=0 wu = ce” 

| 3 w= ab Deis licks ( iii ) 


(2) Variable Acceleration : 


The acceleration may be (i) a function of s, or (ii) a 
function of ¢ or (iii) a function of v. We illustrate these 
cases by the following examples :— 


Ex. (1). A particle starts from rest at a distance a from 
the origin Q, and moves with acceleration proportional to 
its distance from O and directed towards O; find the 
motion. 


—_ c— 

__ __|_____— 

A P O Pp A 
<—s2 
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dt: =: ania 
We take for acceleration the i v we. = 3 ds (v’), as in 


this case it var ies ‘With s.° 


The acceleration at a distance s from-O: may. be..taken as 
—n’s; for if s is + ve acceleration is — ve and is hence 
_ directed towards O ; and if s.is.— ve, as at P’,-71’s*is + ve, and 


the acceleration is direc'ed toward QO. . * ‘ 
is i 8 lene a : 
ae a v ‘) = — n’s where n is some-constant. 
be! =< f sds = — ins? + ¢; but ¢ =. 0-when-s = a 
0= -—Ive +e “Sec Ig? ae ony 
wv = — 3n’s.+ ine? aor, cs 
a: vise ides Bosh 1 * a 4 

wv =n (a — s?) : 
ee = =n a/ a’ — 8”. Pog Sk 


Ati Is seen, from this €quation thatv = 0 when S=itaq, 


H 130 
“If OA’= OA numerically and OA = .@, the’ velocity 

vanishes at A and A’; also the’ velocity” is maximum when 

s’=.0'2-e. at O.; and the maximum velocity i is na numerically. 


Now as the particle i is going from AS to Ar v is’ — ve and 


we have. ; a IES 
ns 2 6 ds 4 Coe 9 spe or “e's 
Gl lene oe tee = nid <8" if ati is Seas “ ont 
: ; : Suey es amit. cae 
: : irks = oS ~e out 
at | i 
as n Ja — 


f ds 1 iS z 
wnt =. — Jpn cost +e; 
. nt : Jas S aa 


“.but s = @ whent = 0 andcos™ a/a = cos? LS rie =0 
wt mt = cos’s/a or $ = aC08 Nhe. ic..ce ee (i) 


i 


APPLICATION TO MECHANICS 245 


Again if 4, denotes time from A to AY 


we have-a=a cos nt, “Nth = 


At A’ the conditions at A are practically repeated, 
for the velocity at A’ 1s zero and the acceleration is 
directed towards O, and the distance of A/ from O is a 


Hence the:motion from A’ to A is exactly similar to that 
from A to A’. ce 


The motion from A to A’ and from A’ back to A is 
called one complete oscillation. 


The time for one complete oscillation is called the 
period. 


Thus the period = T = 24= Bala 
Note that the period is independent of a. 


¢ 


_The motion is called Simple Harmonic Motion. 
Ex. (2) A ‘motor car starts from rest and its acceleration at time 
tis given by (1 — a net k is constant and T is 


the time taken to attain the highest speed, which is 
maintained constant after that time. Show that (1) 
the highest speed is ART and (ii) the Space described 
till this speed is attained i is 4kT?, 


(B. U.I. 1924 ) 


We have, acceleration = =a to ( 1— as 


2 tO f0-+)e- (1-3 Fe )+e 


The car starts from rest .. v=0 when 1h “—e=0 


. V=k (-. : = a which holds up to time T. 
Now acceleration is positive ana hence velocity is 


increasing when [<T., 
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Ex. (3) 
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Highest speed = speed at time T=(v), 7 


[2 fs 4 
s=k(o 6T 
: = 2 
QO, =h —- PAPI ocak Meuse (ii) 


A particle moving in a straight line -is subject to a 
resistance which produces retardation kv’, where v is 
the velocity and & is constant. Show that v and ? are 
given in terms of s by the equations. 


: as Uu ia $ 1 9 
is 1+ksu oy a ae 


where u is the initial velocity. 


dv _ py» WY py 


Here v —_= A 
eo 
Gang cee Pf apt 

1 1 
but s=0-whenv=u ..0= Egt! “<=— Fy 
«td 1, 1 kus+i 
S= py ku ko >" ku ku 
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ds 


in soto i al —I+kus 
pea de I+kus * qs - “n> thks 
oe 1 \ 
Te f Chae Jas 
— u C 7 
but s=0 when ‘—0  é=0 
S 
— —+ = 19 
b= Tt ks 


(3) Mean velocity ; 


If y=f (x), and if th 
nm equal parts each equal 
values of y when x is equal to a, ath, at2h..’. b—h, 
respectively, then the limit of the 


arithmetic mean of Vy 
Y2-++-.-In aS h->0 is called the mean value of f (x) over the 
range b—a of x. . 


If this mean value is denoted by ym we have 


Ym = lim Wt... bin 
h->0 i: 


= lim —"_{ F(a) TG (at h) Foes $f(b-h) } - 
—> 


eS ee f s f (%) dx by the def. of integral as the limit 
b-a a $ 
of asum 


fre dx 


ne. 
ae Ym — b-a 


pate a 
ene # yt) 
ed 

A 
j 
i 


egarded as a function 
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In particular ‘¢ the velocity is 1 


of space described, then 


S) 
i vds 
So 
Mean velocity w. r. t, space ~ on 
where S is the initial and s; the final values of s. 


This is also sometimes called the space-average of velocity, 


Similarly the Mean-velocity with respect to time 72 e 
the time-average of velocity is given by 


where the interval considered is from 7 to 4, 
Example: If a point moves with constant acceleration f, show that 


2 vyP-vyve+t 
the space-average of velocity over any distance is=4~ 3 es ee : 


where v) is the initial and v9 is the final velocity. 


ds | = 
‘dv ae 


2. ds v | 
jest {ioe fein {Fra 
i 3 
s vds = = ft Zs v 
Ss 5) J ae f 73 ue | i gf ee) 


Also s)—s,;= ie ds= 2) ds ees Lm en 


We have acceleration=v—;— ae ay re 
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Se 
f vds (v9 —,3)/3f 
S} 


.. Space average of Velocity = 


S2—-S 


(v9? — v?)/2f 


— 2 UPtoyveto,? 
wo Vi +02 


55. Application to Rates 


The following example illustrates how integration 
can be applied to problems on rates :— © 

Examples: Water is running out of a hole at the bottom of a 
vertical cylindrical tank (with a horizontal base) of height h, the 


tank being initially full, The rate at which the volume of the water 
in the tank diminishes is proportional to the square root of the 


depth of the water in the tank at the time. If 2. ths-of the water 


flow out in 20 minutes, show that the vessel will be ane in one hour, 
(B. ULI.) 


If V atotds the eels and x ‘the Hepth of the water in the tank at 
time t we have 


av =—k/ x where k is some constant, 
If A is the area of the base of the tank then 
V=Ax WaaG | is 
Ao =-kys Ba 4. as 
t=— cs o =— any +¢ 
| Now when i=0, x=; .. hy h ) 
p= 2A [he] 
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If unit of time is taken to be a minute, we have 

x=h-fh= th when ¢ = 20 
2A = 2A Vh ; 
=. — 4 => * -=— eoeeeecegcrecreces 

=o [ va oh lap ape (i) 

Now, if T is the time when the tank is empty 7. e. x=0, we have 
T= oh [7h] = 60 by (i) 

*, dime taken to empty the tank is one hour. 
Examples XVIII 


1 dx 
(1) Calculate an approximate value of f a and 


hence of «; use Simpson’s Rule. 


(2) The speed of a car in ft. per-sec. was taken at 
intervals of 10 secs. as follows :— 


Show that the total distance covered during 
these two minutes, obtained by Simpson’s Rule, 
is 7962 ft. 

(3) Show that the volume of a log of timber 36 ft. 
long, the areas of cross-sections at equal inter- 
vals of 6 ft. being 8-20, 5-68, 4-04, 2-92, 2-16, 
1:54, 1:02, sq. ft. respectively, is 124-36 cub. ft. 
approximately. | 

(4) A curve is given by the following values of x 
and y :— 
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If this curve rotates about the axis x, show that the 
volume enclosed by the surface between section 
corresponding to x*=0 and x=8 is 32180 appro- 
ximately. 

(5) The semi-ordinates of the load water plane of a 
vessel in feet are 0-1, 5, 11-6, 15:4, 16-8, 17, 16-9, 
16-4, 14:5, 9-4 and 0-1 respectively ; the common 
interval is 11 ft. Show that the area of the 
plane in sq. ft. is 2732-4 approximately. 

(6) If y= A+Bx+Cx#?+Ds', and 1, “yo, 93, ys are 
four equidistant ordinates with the common distance 

_ fh show that the area between the curve, 
the x-axis and the ordinates y), wis ; 
sh (y+3y+3y+ 94). 
Show also that the area between the curve, the +-axis 
and the ordinates ¥1, 3 1S : 


3 ( yt 4yo+ y2) as in Simpson’s Rule. © 


(7)- A particle moves according to the law 
v= Vv, cos mt; show that the space described by the 


ty 
time it first comes rest 1s > (Lamb. ) 


(8) A particle moves according to the law 
vy = vy ¢* cos nt, prove that the space described 
by the time it first comes to rest is 


—kx/2n 


nek Voe 
n’ +k? 


(9) A point moves with uniform acceleration, Explain 
what is: meant by mean velocity with respect to 
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(a) distance, (b) time; and show that the difference 


, 1 (U-u) 
of the means ‘ equal to 6 Uta where uw and U 
are the initial and final velocities. (Mz. T.I.) 


(10) A conical cistern of height h feet and semi-vettical 
angle a is filled with water, and is heldin a verti- 
cal position with vertex downwards. Through a 
hole at the bottom, water is leaking at the rate of 
kx’ ft. per minute, where k is a constant and x is the 
height of water at that time. Prove that the cistern 

wh tan’a ; 


will be empty in ‘minutes. 


(11) A cistern is being emptied in such a way that the 


rate at which the water is flowing out is proportional 

to the amount left in at that instant. If half the 
_water flow out in 7. minutes, show that + of 
the water will be left in the cistern after 14 minu- 

tes and 4 after 21 minutes. ~ [B.U.1.-1918] 

(12) The velocity v of a body (moving in a straight 
line ) at time ¢ seconds is given by y= 247 (1-2) 
feet per second. Show that the space described in 

_ the first second is.2 ft; and that the maximum 
acceleration is 8 ft. per sec. per sec. IB. U4, 1922] 


(13) The speed v of a body at time ¢ seconds from the 
sfart is given by v=¢(¢-1) (f-2). Show that if the 
body moves in a straight line, it will return to its 
initial position in 2 secs. [B. U. I. 1925 ] 


(14) A stone is sent gliding over ice with initia] velocity 
40 ft. per sec,; if friction leads to a retardation 
. 16 | 
5 ft. per sec. per sec. show that the stone will 
go 250 ft. before it stops. 
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(15) If a charge of shot is fired vertically upwards with 
initial velocity vo, and the downward acceleration 
at time tis g+kv’ while it is going up, show that 
the time to the highest point reached by. the shot 


‘is given by t= v(=%) tan { a9 v (k/ g) f. 


(16) Show that the mean of the squares on the diame: 
ters of an ellipse, drawn at equal angular 
intervals, is equal to the rectangle contained by 


. the major and minor axes. 


CHAPTER XII 
RECTIFICATION OF PLANE CURVES 
VOLUMES OF SOLIDS OF REVOLUTION 
56 Rectification of a plane curve 


We are familiar with the idea of the length of a straight 
line. We derive the idea of the length of a plane curve 
from that of the Jength of a straight line by a limiting 
process. We imagine a polygon P,PiP....... Py, inscribed in 
the curve, if the perimeter of this polygon tends to a limit 
as the lengths of its sides are indefinitely diminished, then 
we say that the curve is vectifiable, and the length of the 
curve is taken to be equal to this limit. (See Fig. 48.) 


om 


Fig, 48- 
Def: If APy Py..Pp1 Pras, 


‘Pin B is a polygon 
inscribed in a curve AB and if 5 Pea P; 
r= 


S as the greatest of P,-; P, tends to ; 
; zero, t 
as the length of the curve AB. mee eens 


Here Pp is A and P, is B, 


tends to limit 
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For example, if regular polygon of 
circle of radius 7, then each side of the 
perimeter of the polygon = 27y sin 1/n. 
polygon tends to zero, 7. e., 27 sin 1/n->0 7. e. 


m sides is inscribed in a 
polygon = 27 sin 7/2; the 
Now as the side of the 
a /n—>0, 

the perimeter = 27n sin r/n = 2qr. 207M 


in +> 2rr 


The circumference of the circle = 2-7; 
57. Fundamental Theorem about rectification 


If f (x) is a single-valued function of x and if f’ (x) is 


continuous in (a, b) then the curve y = f (x) is rectifiable 
and its length s is given by 


a, ree es 
sf STEHT) Pas 
a 


where @ and 0 are the abscissz of the end points. 


For, if (,, y»,) be the co-ordinates of the point P, on 
the curve we have 


P,-} P/ = ( Xr a Xyr-1 ‘i + ( Yr — Vr-1 Ng } 


but y — ya =f (x) —f (4a) = ( x," — x1) f’ (&')where 
E, lies between Xr and x,- | 


: 


[ by the Mean Value Theorem. See Appendix. ] 
ate Pray PA = (Sie — Kea)? Fe = ta)? P(E) P 
= [1+{/’ (&) $2] (8x,)? denoting x, —xy-1 by Bx. 


.. As the maximum of 6x,>0. we have 
n , 
lim & P,-1 P, =lim % J1+ { £(&) Bar 
y=] , 


ee 


= 
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by the theorem on integral as the limit of a sum. Now as 
f’ (x) is continuous, the integral exists, and hence the curve 


is rectifiable, also the curve is given by 
b _ ene b dy\2 
= +f! (x)}? bx= J) L+(-7—)° (dx. 
f° STF OOP bx= f° uf (BR) 


07:1 Other formulae 


(1) Parametric co-ordinates. If the co-ordinates of a 
point (x,y) on the curve are given by 


x=f(t) and y=¢ (2) 


~ and if f’ (2), ¢’(#) exist and are continuous in (¢o, T ) then, 


we have 
Pra PP={ f(t) -f (ba) P+{¢ (4) -¢ (4a) 
={f" (tr) )}2(3t,)? + {4"(op) }?(3¢,)? where Bt, = ty — ty-1 


by the Mean Value Theorem; ‘Tr, cy lie in 
( 45 ty ) 


= Lf" (a) P +{ 6c) }9] (84)? | 
-- As the maximum of 3d tends to zero, we have 
lim >Pv4 P,= lim af {f! (ty) } 7h {b'(6,) i (32,) 


-f JHFOPH POP a 


by the definition of eee as the limit of a sum. 
Now as f’ (4), ¢’ (2) are continuous in (¢:,T), the 
integral exists, and we have 


Ai ap Se 7s 
de Y{P PALO) at 


RECTIFICATION OF PLANE CURVES Aaw | 


be, AG CG 


(2) Polar Co-ordinates. If the equation of the curve 
is given in polar co-ordinates, the corresponding formula 
for s can be easily obtained ; for if (x, y) are the Cartesian 
co-ordinates of the point whose polar co-ordinates are 
(7,0), we have 


x = yrcos@andy'= r sin 0; 


and the equation of the curve gives one relation between 
y and 0; hence if we regard 9 as the parameter we have 


a9 do cos 0 - ae §+yr cos 0 


. (BY+ “ La (Ste 
AK: sy) wf, a = @) ao 


Wa 


If we regard 7 as: the parameter, 0 being given as a 
function of 7 by the equation of the curve, we have 


ax ag dy Es dé 
“= =< = 6 O— 
7 cos 6-y7 sin 0 — ay and dy sin 0 + 7 cos d ay 
a dé 
os ay. Go). : +, r dy j 


and s= f. v[1+e(Z)] dr. 
Y0 
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Ilustrative Examples, 


Ex. (1). Find the length of the arc of the parabola x*=4ay from 
the vertex to an extremity of the latus-rectum. 


é d d 
We have x*=4a * umd gS . oD es . 
y a=4e dx "dx 2a 


eS d 2 9 
ae | =v( #)=2 Ita 
ng 2 ) J LT a — 94 /x’+4a 


1 7 —— 
ane ZL Ag? 
2a f “ 4a? dx 


1 
= zal z J2+4q? ee > Eiinat x+ Jx+4a?) ] see § 361 


1 =s we 

= ia [ av/8a°-+2a" log(2a+ ./8a") — 2a*log (2a) 
4 Spas “atv | 

— 2 [ 2v2 +2a* log 7 Ia 


=al[ V2+log (1+ /2)]. 
Ex, (2). Show that the length of a quadrant of the curve 


23 ; 9 , 
x l yy, [> 2 * 3a. 
(2) +(2 ) =lis- 


Let x=a sin*6 and y=a cos*@ be the co-ordinatesof a point on 
the curve ; then 


ax 
do 


vi (4 2) 4(% 5) | =a sin 8 cos 8 


and 0 and 7/2 are the values of 6 corresponding to a quadrant of the 
curve ; 


2 . w/2 
=f 3a sin 6 cos 6 dé = 94 sin | : — 34 


=3a sin*6 cosé and a = — 3a cos’6 sind, 
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58. Volumes of Solids 


We are familiar with the idea of a volume when 
applied to a cube, or a rectangular parallelepiped or a 
right prism. The volume of a pyramid, however, requires a 
limiting process; so that even for a solid bounded wholly by 
plane faces, the general definition of a volume requires a 
limiting process. 


The Volume of a right circular cylinder of height h, and 
a radius of base y may be obtained thus: inscribe a regular 
polygon of sides in the circular base of the cylinder, and on 
this as base erect a right prism of height h, which will be 
inscribed in the cylinder ; now the volume of the prism is Anh 
where Ay is the area of the regular polygon; asu>®, Ana?” 
the area of the circular base; 


.. vol. of inscribed prism—>a77h. 


Constructing similarly a circumscribed right prism we 
can show that its volume also tends to the limit 27°h. 


.".. Volume of the cylinder = a7*h. 


A general definition of the volume of a solid bounded by 
any surfaces, plane or curved, can be framed, as in the case 
of areas, by considering two sets of prisms, one including and 
the other included by the solid whose volume is required ; the 
common limit of the volumes of these two sets of prisms as 
the difference between them tends to zero is defined as the 
volume of the solid. 


In general, the two sets of prisms are so taken that the 
altitudes of the individual members of the sets are small, and 
two corresponding members of the two sets have a common 
altitude; and the limit is taken so as to make the greatest 
of these altitudes tend to zero. 
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58-1. Volumes of solids of revolution. | 


on of x, which does not 


Let f (x) be a continuous functi 
ee _If an arc AB of the 


change’ its sign in the interval (a, b) f th 
curve y = f(x) is made to revolve round the 4-axis, 1t 
generates a surface of revolution. We now proceed to 
show that the volume enclosed: by - this surface 1S given 


b | he tote 
ag { ae) je dx where a, b, are the abscissze of the 
points A, B respectively. 


% mr a ry 
: B eo” - . ai . 
Boe Vo Pro 

ry Sea” a To P R 


Fig. 49. feats Mag hnt Wpg Ot Fe Bigs 49 (a) 

Let P (x, y) be a variable point on the curve. Let V 
be the volume enclosed by the surface generated by the 
revolution of arc AP,.then V is a function of x. Let P’. 
(x +h, y +) be a point. on the curve adjacent to P ; then 
3 V = volume enclosed by the surface generated by arc PP” 


= yol. of cylinder of. height # and radius~ of base 
MP + vol. due to the portion PRP’ 


cyhtarpeh say, 
where x}1°h denotes the volume due to PRP’. 
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Now if o is the greatest distance of a point on the arc 
pp’ from PR, then the volume due to PRP’ is less than 
a(yto yn —ayh 


ie. mh <a (o%+2oy) hy i.e. p2< (o°+2cy); but 
as f(x) is continuous, oc>0 “~h>0: hence as hd 
o° + 25y-50, and hence j\?>0. 


dV _ BV ata 

He lim. a lim ™ id = lim ow (y+ 1’) 
6x0 h~>0 h>0 

-- ~ : -\ 

dV 

aes ae tal f 6) ye 


. Volume: aslesel by the sur face generated by the arc AB 


af ae ea ? dx, 
a a 
Illustrative-Examples.” : 


If y=x tan @ is revolved’ about the x-axis the surface 


Ex. (1). 
generated is a cone‘of semi-vertical angle a. 


Vol. of right circular cone of height A . 
-. h bn enD ; : wh? 9 : 9 
— is x? tan? as tan? q=4r ah 
0 ' 


; if a=h tana is the radius of the base, 


(2) The semi-circle x? fe rear generates a sphere. 


‘ r ’ a : Y au ae ¢ Y : P, 
-, Vol. of sphere = 7 f ce dx = wf y (77-27) ax 


, 4 : 
=—7 [7 —4x3 i. mt r[ 299] a mrs 
wy P 


Ex. 
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Ex. (3) The ellipse arty =1 revolving about the major axis 


~~ 


generates a spheroid whose volume 
Qa.» an a are 4 9 
= [i waraa a as 


Ex. (4). Show that the volume of a paraboloid of revolution is 
half the volume of the circumscribing cylinder. 


Let »’= 4ax be the generating curve, then 


x x wax? 
vol, of paraboloid = r f 0 y dx= rn 4a f j xdx= eo 


=2r7av=37 yx 


=% volume of circumscribing cylinder. 


Examples XIX? 


(1) Prove that the arc s measured. from the vertex of the 
semi-cubical parabola ay’ = x’ is 


mtg) 13 


(2) Show that the arc s measured from the vertex of the 


a 
catenary y= pre ee “\ satisfies the equation 


s=a tan $, where & is the angle made by ‘the 
tangent at (x, y) with the x-axis. 
(Such an equation is called the intrinsic equation 


of the curve). 


(3) Show that perimeter of the  cardioide 
v=a (1+cos 9) is 8a. 


(4) 


(6) 


(7) 


(8) 
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Show that for the logarithmic spiral rv = ae”6, 
the length of any arc is proportional to the diffe- 
rence between the radii vectors of its extremities. 


Show that the arc of the parabola + = 2ay 


' between points whose abscissze are 0 and & is 


equal to the arc of the spiral 7 =a@@ between 
points whose radii are 0 and Rk. 


Show that the intrinsic equation of the cycloid 
x=a(@+sin9), y= (1-—cos0) is s=4a sin ¥. 


Show that that length of a quadrant of the curve 


VE, (IN, C+ abtl 
Grae ey il ers me 
If a circle rolls on another fixed circle, the path 
of a point on the rolling circle is given by 
equations of the type 


xla=(1+k) cos k0-k cos (1+k)@ 


— yla=(1+2) sin k8—F sin (1+)0. 


Prove that s measured from the point at which 
§ =0 is given by s=2ak (1+k) (1—cos 9/2). 


(If the rolling circle is outside the fixed circle, 
the path is called an epicycloid ; and if it is 
inside, the path is called a hypocycloid.) 


Prove that the volume of a frustum of a cone of 
« 
height , with radii of ends a, bis rs h(a’? +ab+b’). 
Prove that the volume enclosed by the surface 
obtained by revolving the curve (a-x) y=ax 


; a. wa (4- ) 
about the line x= 5 iS] a). 


(12) 


(13) 


(14) 


(15) 
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Prove that that volume of the spheroid formed 
. x 5 
by the revolution of the ellipse 7 + Ao = 1, about 
. o ° 4; 6 

the minor axis is at a’b. } 

If a segment of a parabola revolve about the 
ordinate, the volume generated is 15 of that of 
the circumscribing cylinder. 

Shew that if the cycloid’ x.= a-(6—-sin®@), 
y = a(1-—cos6@) revolves about the base, the 
volume generated is 5 <a’. 

Show «that the volume generated by the re- 


volution of the arc AP. of the catenary 
y=a (e/"+e%*!") where A is the vertex, P is 


(x,y) and arc AP = s is (ys+ ax). 
If A is the area of the ‘cardioide r = a (1 + cosf ) 


and V is the volume generated by it as it revolves 
about 6 = 0 prove that 9V = 16aA. =. (M.T.L) 


UNIVERSITY OF BOMBAY 
INTERMEDIATE ARTS AND SCIENCE EXAMINATION 


1944 


1. Explain the meanings of the following _ state- 
ments *— 


‘ f (x) tends to / as x tends to a ; 
. Aid (x) is continuous at x =a. 


Evaluate :— 


os 
Gq Bea) — (142), im 1 tcose 
a Mig ths ong xT tann | 


ia sin % 
_/ Define the derivative of f.(«) with respect to x. 


Find from ‘first principles the derivatives of ye and 
COS Xx. 


Discuss the continuity of 


Find “ in the following cases: ys 


NWF ssin3 (x) +sint Y(L-27) 5 vi : 

Ai) Faded (Sta) +h @ log fat (+a) }. 

oF Obtain the geometrical interpretation of the deriva- 
tive of a function of x. | ! oe 


‘ xlc = —4]¢ 
Pisa point on the curve y= 3C ( e te ) Prove . 


at the length of the perpendicular drawn from the foot - 


th 
nate at P on the tangent at P-to the curve is 


of the ordi 


% 
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Also find the slopes of the tangents to the 


equal to c. . 
n it at each of which the ordinate 


curve at the two points oO 
is of length 2c. 

4. Explain how to determine .by consideration of the 
sign of the derivative whether a function of x is increas- 
ing or decreasing. , 

State a set of sufficient conditions in order that f (x) may 
have a maximum at += 4d. 

Discuss the behaviour of the function sin x J (cos 2 x) 
for values of x between 0 and 4. Deduce that 
0<sin x JV (cos 2x) <4 J 2 for0<v<iz. 

5. State and prove the rule of integration by parts. 
Calculate : 


(i), Log x dx; (ii) f a dx; (iii) f sind x dx 


6. Evaluate any three of the following :— 


4 , 1 
(i) fp itx (ii) ax 
J gaps J x —x+1 * 
pane le 
3 0 
(iii) aT 
iii 
So 
7. State the formula for the area enclosed between 


the axis of = 
Ma s of x, curve y=f (x) and the ordinates x=@ and 


4 


: P T ‘ 
sec’ x cos? 2x dx; (iv) f ~~ tan’ x dx. 
| 0 


If phe ine eccentric angle of a point P on the ellipse 
x +a‘y=a'b’, prove that the area intercepted between the 
axis of y, the curve and the straight line joining the origin to 


_ iszab(4a-¢). Deduce the f oe 
Sector of a circle, ormula for the area of a 
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1. Determine which of the following sequences are convergent, 
divergent or oscillating :— 


[a(-1y"] p*) L cos ax |, [ cos 3 x-= | 


Find :— 


(i) limp Vy?+2n4+3- J n'—4n+5 | & 
nN >® ~ 


(ii ) lim (+L) ee. 


als 


| ‘| 
(iii) lim cos a2 | Eh aear 9 


x1 1-<x 


2. Find the equation of the tangent at the point ¢ 
to the curve given by x=f (2), y=¢ (2). 


If the tangent at P (ft, kt) to the curve k’y=2’, 
cuts OX, OY respectively at Q and R, express OQ and OR 
in terms of & and?¢; and prove that PR=3 PQ. Find also 
the co-ordinates of the point where the tangent meets 
the curve again. 


3. Shew how. to differentiate a function of a function. 


Differentiate with | respect to x any three of the 
following :— 


(i) face? “a ai log.a, 


| oF tal (v) sin x’. 


Vx +x+1 
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4. State and prove the rule of integration by parts, 


Integrate any ¢hvee of the following :— 
(i) 1 32’ 4-7 
pone ee in x, iii) Sr 
sec xta tan % ay a's — 3° + Ay —f 


(iv) ¢* sin x cos x. 
5, Evaluate any ¢hree of the following :-- 


6 Bo naam, 1, 
(i) f J (x—-3) (7-2), (ii ) Ss x (1 2 dx, 


5 
1 hs 1 + =} \2 

(ii) f_@x (ow) oe 
otf » 6 oe  v1ma 


wT 


a 
(v) SF co30" 


; Pe ais . 
6. Define maximum and minimum values of a 


function f(x). , 


Give a method for finding the maximum and minimum 
values. of a function f (%) assuming that both f (2). 
and f’ (x) are continuous. 


Pp ae “O.. are two BOints: on a straight coast 
at a distance of 10 miles. L is a point in the. sea where 
PL is perpendicular to PQ and PL = 3 miles. A. person’ 
wants to go from L to Q as quickly as possible by partly 
rowing in the sea and partly running along the coast. He 
is able to row at 4 miles an hour and run at 5 milés an 
hour. How far from P should he land ? 
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7, Prove that the area between the x-axis, the 
ordinates x=a@, x= 0 and the curve y =f ( x )is t f(.x) dx 
a 
Prove that the curves y= 4x and x= 4y divide 


the area of the square bounded by x=0, x=4, y=0, y=4 
in three equal parts. 


1946 
1. Illustrate the idea of a limit by giving two illustrations. 


lim sin 9 
Prove that 9-20 8 =]. 


Evaluate any two of the following :— 
(i) i-sin x - 
i n(@ s ee 
2°32 
He WE YEE 


(ii) limS, where Sn =D ACHET) 


: n> oo i 
ee tim ndt o Nae 6 Ore a 
( iii ) 5 St sin( 5) [sin (sar ) ry, 
2. Define the derivative of f (x) with respect to *. 


Differentiate log x from the first principles. 


Differentiate any three of the following:—- 


cos x*+sin % ae a? 

(i) cos x —sin x’ ny tan ( 1-x ) 

(iii) e** sec bx tan cx. (iv) [log { log (log. x) ] ‘ 
(x) 


»3. Explain how to differentiate Lf (x)] 
Prove the rule of differentiation of a function of a function: 


4 
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Differentiate any éwo of the following with respect to x: 
bc. cos} V1 = 2? 

(i) (1+2x*)sim* (ii) 

(iii) 6 sin’O where x= a cos’0. 

4. Give the geometrical interpretation of the differential 
coefficient. 

If x1 y; be the parts of the axes of X and Y intercepted by 

the tangent at any point (A, &) on the curve 


(278 +(7 


show that 


5. Prove the rule of integration by parts. 


Integrate any me of the following:— 


0 Saw Syl 
( iii ) fe co’ xdx t o SJean= = 

3x dx ~ 
(v) Spee Z 


6. Prove ae PG) dear Fn ae 
Oo ° oO 


Evaluate any three ‘of the following :—* 


v or 


(i) * * Sin %_ ” Jsin x 
1+cos°x ax. (ii) J == dx 
(4) / oat re) : 
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ar +1 
(iii) Sf cos’x dx. (iv ) f tan‘ xdx. 
oO 


3 
(v) ¢ 2x°- 4x41 
2x —-5x44+3 


7. Evaluate as a definite integral the volume enclosed by 
a surface generated by the revolution of arc of the curve 
y=f (x) between the points «=a and x = b about the axis of X. 


PN is the ordinate of the point P on a parabola whose 
vertex is A. If the segment AP revolves about PN, show 


that the volume generated is 8/15 of that of the circumscribing 
cylinder. 


1947 
1. Explain giving suitable illustrations, the distinction 
between the value of a function f (x) at x=a@ and the limit 


of f(x) as x->a and hence define the continuity of f (x) 
at x=a. 


(i) Are the following functions continuous at the origin ? 


(a) f («) = cos (= ) when x # G;f (0) =0. 
(5) f (a) = sin (=) when x# 05 (0) =1. 


(ii) Evaluate the following :— 


1-sin® x. we : 


(6) lim  at4in—5 - VWi+3l cv 
. 3n+7 
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9 Prove the rule for the differentiation of a function 
of a function. Differentiate any ¢hree of the following :— 


4/1 = COs * 
tan? a|=— £08 = 
i) te 1+cos x” 
log sin x; 
(ii) 10 : 
(iii) ¢* cos 4.x sin 24; 
sin x 


ae 
(vi) (1 +x”) 

3. Explain the meaning of the sign of the derivative 
of f (x) at =a. Discuss the critical case f’ (a) = 0. 

A Norman window consists of a rectangle surmounted 
by’a semi-circle. Given the perimeter of the window to be s, 
find its height and breadth if the quantity of light admitted 
is to be maximum. | , 

4. Obtain the equations to the tangent and the normal 
to the curve y =f (x) at any point (h, k) on it. 

Show that the length intercepted by the axes of co-ordinates 

2~ 2 2 


on any tangent to the curve x e+ y? = q*is constant. 

5. Explain with an illustration the method of integration 
by substitution, showing that it is the reverse of differentiating 
a function of a function. 


Evaluate any thvee of the following :— 


a/2 


, sin x dx . i Pac 
vf (1+cosx)*’ (ii) f x sect x dx; - 


w/2 “ 
2 
(iii) f sin’ x cos’ x dx; “K (vi) f fens ax ; 
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J x ax 
(1+ x”) ( (2+x%) 


6. If the area bounded by y=f (x), the axis of x and 
the ordinates at x=: a@ and x = X be A, then show that 


ax J (X). 


Find the area of the segment cut off from the’ parabola 
= 2x by the straight line y=4x-1. 


te Explain the significance of the differential coefficient 
as a rate-measurer, giving at least two illustrations, 


“A reservoir of water is being emptied in such a manner 
that the rate at which water is flowing out at any instant is 
proportional to the quantity of water in it at that instant. 
If one-third of the water flows out in 5 minutes, show. that 
four-ninths of the original quantity of water will be left in the 
reservoir after 10 minutes. 


: 1948 


1. Explain clearly the statemeat f Gi as x->a. ‘When is 


f (x) ‘said to be continuous at «=a? Evaluate the following 
limits :— ae : 


oo Tp? 4x43. . Lt Vl+x«- Ji=«. - 
“> fi Hl 4 Ox — 3? i) KPO x 
Lt. (1-tanx) we 
Wii) 5 >/4 (G42) 
2. Define the derivative of f (x) with respect to x, and 
find from first pee | the derivatives of x’ and x sin x with 
respect to x, ; ; 
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Differentiate with respect to x any Yai of the tollowing :— 
; Wl gre N33 — 
~(i) cos~' x; (ii) Cera 
SAiii) e™ sin (ba tc); (iv) _/3* log =, 


3. Show that if y=f (x) be the equation of a curve, 
then S» is the slope of the tangent to it. Show that 


x/A+y/B=1 and x/a+y/b=1 intersect at right angles 
if A-B=a-b. 
4, Define the differential of y with respect to x, where 


y =f (x); and show that the quotient of the differentials of y 
and x isf’ (x). Explain also their geometrical meanings. 


Find the value of */ 89.99 correct of seven places of 
decimals. 


5. Show that f (x) increases or decreases as x increases 
according as f’ (x) is positive or negative. What happens 
if f’ (x)=0? 


«__In'a given right circular cone of height hk and semi- 
vertical anlge a, another right circular cone is inscribed with 
its vertex at the centre of the base of the given cone, 
Determine when the volume of the inscribed cone will be 
maximum. 


6. State and prove the ile of integration by parts. 
Obtain any three of ass following :— 


1 ‘ 
Mi) f aJVaitatdx  ; (ii) f x (1 ay ois 
| 0 


(iii) f 8 Sin 8 cos’6 dé : (iv) f x at dx: 
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(v) f 


7- Show that the area enclosed by the curve y=f (x), 
the x-axis and the Ordinates x = b 


= a and x = 
b 
JS f@) dx. 


x 
2(x-1) (x41): 


Find the area bounded by the parabola y’ = 16x and 
the smaller arc of the circle x? + y? = 36, 


1949 


OP SS 


1 
(i) (x)= cose*® , f(0)=0 , atx=0; 


Gi) f (x)=tant (—+.),s()=%, at a=e. 


Find :— 


+ — 4? -—5x +4 


COS ax— Cos bx . 
(i) ee we — x —xt1 . 


“ 
y(n) Lt 
x—>0 
2. (a) If u and v are differentiable functions of x, 
show fos to differentiate the functions w/v and tan (ulv ). 
(b) Differentiate with respect to x any three of 


the following :— 
| __ sinx 
~/ (i) -2/ aw whereu=a ; 


_ BB 
(i) tan (45%): 
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nt 


~~ (iii) x log (log x); (iv) (sin™!x )”"(cos-!x )". 


3. (a) If y=f(x) be the equation of a curve, interpret 
the following :— 
., ay ai 5Gk. Tels, dy | 
(i) (ii) a (iii) y 


(b) In the catenary y= a ( ae a: te) prove 


that the perpendicular. from the.foot of the ordinate to the 
tangent is of constant length c. 

“> (a) Define the minimum of a function at a point 
and obtain conditions for a differentiable ey te x) to be 
minimum at x= a. al 


eal 


~(b) ABC is a oe rieht ee at C. Find the 
position of a point P on BC such that ee may be a 
minimum. 


5. (a) State and prove the rule of integration by parts 
(b) Evaluate any three of the following «- aS 


aw): fix sec’ Xam ; | (ii). Scot! BAGS BA 
; "9 OF . os 
on 5 
_ i ress Pade t5) 


_tiv) flog #)? dy (ae fein sc0s 3 gy 


3 cos’x + 2sin’x 


(a) Prove that a 


— (i) Sor I(x) dx= fen (a= Doe as 
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(ii) Sorts) dem for a) ast fp (20-2) dx. 


(0) Evaluate any two of the following — 


1 wea & . T/2 a d 
- Ci) ¢ x/ 1+edx- if 2 + cos? x &* 
. 0 0 

7/4 Sin 2 6 


uy af sin' 0 + cost 9 dO 
0 | 


7. (a) Show how to find as a definite integral the 
volume enclosed by a surface 


of revolution.’ 

(5) Show that the volume generated by the loop of 

the curve ay* = x (x— a)? when it is rotated about the x*axis 
is 7a3/12, , : 


1950 


1. Explain clearly what is 


/ meant by f(x) >1 as 
_ * > a. Obtain the limit of sin x/% asx > 0, 


Evaluate any two of the following : 


i) -Lt Gi) Lt x! oa + 2e+B 
~ 4-20 Cos mx —cos mx x“->1” Tate 64+3 
(iii) Lt (sec x—tan a). | 


x >t 
2 


2. Differentiate cosec x from first principles. 

Differentiate w. r. t. x any two of the following : 
a] i (ii) sin x°, (iii) (sin x)ean.% 
(iv) tan” 1 24/8 = x?}) 


E.c. 10 
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If x=cos 0, y=sin’ 6, show that 
WY) 494-3 sin? 0 (5 cos’ 9-1). 


3. If y= f (x), explain the terms dy and dy; also show 
their geometrical significance. 


Find approximately the fifth root of 100001 


A coat of paint of small thickness ¢ is put on a sphere é 
of radius 7. Determine approximately the volume of the paint — 
used. 


4. If f’ (a) is positive, prove that f(x) 2 f(a) according | 
as x 2 a for all values of x sufficiently near to a; what 
happens if f’ (a)=0? 


If acylinder is inscribed in a right circular cone, show 
. that the curved surface of the cylinder is maximum when 
its altitude is half that of the cone. 


5. State and prove the rule for integration by changing 
the independent variable. Evaluate any three of the following:— 


(x—1) dx (i) (x+2) (x +3) dx 
fi) Suter (= 2443)” nd reer yre= (x — 1) (x— 2) (x -3) 


wy (AK kp nl4 i 
(iii) J 2+cos x+sin x (iv) J 0 sec’ x dx, 


(v) f sin x COS X% dx 
- 0 cos'*+3 cos x+2 


6. It y=f (x) is a continuous curve, prove that the ordi- 
nate at any point is the derivative of the area bounded by the 
curve the x ~ axis and the ordinates at a and x. 
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Show that the area bounded by the curve y=2?4+3x+42 


and the line y = 6x is = 


6 
7. A point moves in a st. line. If s and v denote respec- 
tively its displacement and velocity at time 7, show that the 


ae ; d’s dy dv 
accelera — — — 
ration is represented by either ip or i or v ep 


A. body starting from O, moves in st. line subject to the 
law v=32—-12;+8. Find the:times when it comes back to O. 
Also find its distances from O when it is at rest. 


1951 


1. Define the continuity of a function Ft (x) at x= a. 


Discuss the continuity of a function f (x) defined as 
follows :— 


f (x) = x cos when x0. 
f(x) = 2 when x = 0. 


Evaluate any twe of the following : — 
(i) Lt [5+4+ att 3] ae 
N-> nn n’ n 
| . _ 9 
ei) Lt 7 sin 6 — cos ee 


v19) 
ra 4 
fii og | Vee Fax $1 Jae 1, 
x%x=> 


2. Obtain from first principles the derivatives of 
(i) ./x and (ii) x sin *. 
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Find ay in the following :— 
dx 
,1-x# 
os = 1 2. . 
wv (i) y = tan ine 
_Aii) a2 + 2hxy + by? + 2gx + 2fy te = 0 
_ Ait) yaa tat tx" 
3. For the curve y =f (x) define the subtangent and 
the subnormal at a point on it and obtain expressions for them 


in terms of y and re 


- Calculate the lengths of the tangent, normal, subtangent 
Xid subnormal at the point 9 =a on the curve 
x =a(9+sin 6), y = a (1 — cos 9). 

4. Define a maximum value of a function f (x) and ~ 

Anvestigate the conditions for a function f (x) to be maximum 
at x= da. 

A segment of the parabola y’ =4ax is bounded:by a 
double ordinate of length 2b. Find the area of the greatest 
rectangle that can be inscribed in it, one side lying along 
the bounding ordinate. 

5. Prove the rule of integration by parts. Integrate 
with réspect to x any three of the following : — 


YER. fet un: |a- 
(i) /x +a’, (ii) oo ys >: (iii) ale : x, 
: 1 

(iv) 1 + cos a4 cos x 


6. Prove that - 
@ f's@dr= f fla- ads 
if ‘ 
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*b 
7 (i) f fildx= f flatb~s) ae. 


Evaluate any two of the following :— 


St) f* dx 


QoQ eer 
9 & cos’ x — B sin? x 


where a> B, 


1 
Wi) J) sin x de, 
0 


sin x+./cos x 


ri 
S ti, (2 eins os 
@) 


! wy io fo 


a’ e ae 


7. Obtain an expression for the volume of the solid 
of revolution formed by revolving the portion of the curve 


y=f (x) from «=a to x=), about the x-axis. (Assume that the 
curve does not cross the x- -axis.) 


One branch of the rectangular hyperbola x°—y?=@? is 
revolved about the axis of x to form a solid‘of revolution. 
Prove that the volume of the segment of the solid, of height 


a measured from the vertex is equal to the volume of a sphere 
of radius a. 


1952 


Ls Explain precisely what is meant PY THe following 
statements :. 
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(i) f (x) tends to k when x tends to a; 
(ii) f (x) is continuous at «=a. 


Evaluate any three of the following limits 


2 2 2 
.. ,. tan *—sin x. Ay}; ie Be hea EE +n* 
(i) lim ——-—= ; (ii)=lim oe eee 
v7 x0 a n-> © 
. 3 
ed ie L+2)= (1%). gene . Lsin” x 
” (iii) i : iv) di cos! : 
o> 


2. If wand v are differentiable functions of x, find the 
derivative of u/v with respect to x. 


Differentiate with respect to x any ¢wo of the following : 
| : x-2)? “sink 
(i) Estar Mil e sec 2x; 


iii) sint? 4% 
Ai sin” 44 | 
ow”) Differentiate x sin 2x with respect to tan™ x. 


3. Iff’ (2) -~ Oandh is small, prove that 


f (a+h) =f (a) +hf’ (a) approximately. 
Calculate (31-98)! approximately. 


The angle A of a triangle ABC j 
measured sides a, b, c. If there isas 
measurement of the side a, 
measured, shew that the 


S calculated from the 
mall error Aa in the 
the sides b and c being correctly 
consequent error in A is given 
. , a 2 

approximately by A A= re Aa. If the limits of error in 


@ are = }\ per cent; where }. is small, prove that the limits of 
: , 573 py @ 
error in A are approximatel : , 

F& APP y be-sin A, degrees | 
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4. If f’ (a)=0 and f” (a) >0, prove that f (a) is a mini- 
mum value of f (x). 


_-Fhe sum of the perimeters of a circle and a square is , 
where & is a constant. Prove that the sum of their areas is 


rm when the side of the square is double the radius of tke 
circle. 


o. State and prove the rule for integration by parts. 


Find any three of the following integrals : 


(yp) eae ee es ed i fee ata sec” x tan x aes 


l—cos x sec? x+tan’ x 


ai) fe sin 2x dx; (iv) Sr {@- 33), Va — x) } de; 


BY4+4 
. feeetarer; (x— ace 


6. Evaluate any three of the following ae _— 
ph. AR 27 Y Sire. 5 
® S Tea=e DS o-costa’ 
42 
au dx 
(iii) J. Idsinx? (iv) f NCE 


(v) s eee sin 


+ cos” 


7. Express ‘the area bounded by the curve y=f (x), the 
_ axis of x and the ordinates x= a, x=, as a definite integral. 


Prove that the area of the loop of the curve y= (1-x) 
is 8/15. 
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1953 


1. (a) Define continuity of a function f (x) at +=4. 


Discuss the cotitinuity of the function 


984M ot y= 1,x= 2, and « =3. 


x -5x+6 
(b) Evaluate any two of the following limits 
cosecx — 1 ” cosax — cosbx 
at oe cot’% (ii) Lt “Coscx—cosdx 
day ate > MBER Neat 
n> An a 


- 2. (a) Define the derivative of f(s) wr.t.*% and find 


it for /x from first principles, 
(bd) Differentiate w.r. t ¥ any three i the following‘ — 


(i) tan” ("5 Ci) log pene 
“a cos 


Ai  ( Pee rare (i sin’x + b.cos*x 
y. 


_/ 3: (a) T he equation of the tangent at the Saint (2,3) 
on the curve)” = ax +b is y=4x—5 find the values of 


_~ 


e 


aand b. 


{b) A cone of semi-vertical angle a is being heated 
and expands uniformly, a remaining constant. Show that 
the rate of increase of the volume w.r. t. its curved surface 


. «a 
is 7 cos a when the radius of the base is a. 


| 4, (a) Iff’(a)>0 prove that f(*) 2 f(a) accord- 
ing as x 2 a for all values of x sufficiently near to a. 
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What happens if f’ (a) is negative ? 

State the conditions for f(x) to be a maximum at x= a. 

(b) The three sides of a trapezium are equal, each 

being 10 inches long. Find the area of the trapezium when it is 


a maxi mum. 


5. (a) Explain the method of integration by parts. 


(5) Evaluate any three of the following : 


AT) J x log ( (x+1) dx (iY 92 Ja —x° dx. 
aay” eaters 5x’ +4 rey f Edie oss 


-1)(*+4+1) Je + 2x42 


6. (a) Evaluate any three :— 


uni dx aif” __Nsin’ x 


0 9o+4cosx 


; arm weet? 
0 sin? x + J/cos* x, 


if 3 i x/3 
; (iii) f ot 8 -x) dx (iv) f 7l6 % cos 3xdx. 


_(b) Find the area bounded by the 


curve 
y =x" —5x+15 and the str. line y—-3x=3. 


7. (a) Obtain an expression for the volume of the 
solid of revolution formed by revolving the portion of the 
curve y=f (x) from x= a to x=b about the x-axis. 


(b) Prove that when the curve y!=4—.? is rotated 
completely about the x-axis the volume generated by the 
loop is 27”. 


* 


aE 
ae 


a 


16. 


18. 


ANSWERS 


EXAMPLES I 


A=’ if A is the area and x the side. 
7, 14, 25, 4, 11+5./2, 10. 3. x +2x%+5. 
1,—2, m7 —2/3 where x is any integer. 


EXAMPLES II 
%= 4-49 approximately. 


EXAMPLES IV 


(i) x=1, -1; (ii) x=1,2; 
(ii) x=2nar—-2/2, m any integer. 
0. | 


EXAMPLES V 
82 +6x+6. 2. —etx-1, 3, atm 


x(n -1)! 5. 3+2x. 6. x cosx+sinx. 
(1-+7) sec’x—2x tanx. 8. —xsinx. 9. (2+2°) sinx 
(1+x) (1+) cosx+(1+2x+3x") sin x. 
ies 4% 4x 

ae Eb ee Ce 13. ~ a= 1) 

+a’ 15 (a—c) (bx? + 2(atc)x+6] 
(6 — ax)? : (cx? +bx+a)’ 
(%—1)sec’x — 2tanx 7. - sti 

(x—-1) " 24-1) Vx 

ax.—b 1+3cosx . 


on JK a (3x +cosx)’ 


24, 
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* (cosv - sinx)” 


IseCx 


: 5 OF soo 
(1 - tanx)° (cosx - sinx)” 


A-(2+t) 7 3 


x= na + “where nis an integer. 99: 22: 
ExAMPLES VI 

3.3 
om 2. —3x' 3, —2/x°. 
— Tax. 5. Sale. = ($ mae 
a ae oe 1 

(a tig) 8. At aoe 9, 3(x+2)%. 

3 1 i —3 

Gio i. Le Ps Clas eae _ 
3 cos 3x. 14. —2cosx sinx. 15. 5 sec? 5x. 
a </a° HA. 17. 3a(ax+b)’. 18. @l(a+x)” 


2 2 
(1—x)/(2+1)" —-20. a 
JH J (x* - a’) 
s+1 , - 
aye. pp cites sae aE a Beet 
, (x+1)" (x-1)” 


ees ; 
~ 1) ta? 1) 


(aB-bA bA)x’ + (aC (aC —cA}x+ (bC — cB) 
“(axe + 2bx +0)? (Ax? +2Bx%+ Cc)? - 


Z) 


35. 
37. 


ANSWERS 


1 1 


QUxtl tax 


(xt ay” (% +b)" | (m+ n)x+ mb + na i 
(x+a)"™ 
(et oye L (m — n)x+mb- na). 
$ COS 5X — 4 COs &, 
sin?” x cos™’x(p cos’ x -q sin’x). 
a tan x cos (ax+b) +sec?x sin (ax-+0). | 
1+sin°x 39. Sin x cos x 33 3 cos 3x 
cos*% *  J/(1+sin?x) " 2V (sin 3x) 
(a- b) sin 2x eo ee F 
2J asin'ztbcosx °° Yeo +30%, 
EXAMPLES VII 
Pegi (een Oe ee aa 
1+% 1+x V1—- 4x" 
1 i a4 
<== e aT We ‘ ry t 
ee 5 Trapper 6. 2% tan x 
= x sin” x Ras i 1 - 9 il 
Vinge sy dee ee ae 
; as 2 ee N38 e 
a Fs Lit ere 12. 2+cos * 
» % RNAi is 7 = 
tan 'x+ Ite 14. al — k’sin’x Id. 1. 
0 17. 2hl+%). 18. Wyl-s. 
(a? — B’) sin aN Gerke 920 12x (2+9x*) 
‘ (a? +6°) (1+cos?x) +4ab Cosx °  44+81% 
. 72x /(4+812°). 30. aid: 
cos’x(% cos x+sin x). . 36. 3 
1 ee ae om 
1. 0 ee 
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290 


22- 


23. 
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ExAMPLES VIII / 


oe (x+b)"™ [un +a(xtb) f. 


e? (1 + 2x”). 
e*{ asin (Bt 1) +8 cos (Bx+T)I- 

—2¢ ox 2 2% 
eon teat 5. 2x (+1) +2x7e%. 
(e* - 1)? 

(1-2x)e"+1. 7 is, 

(e*+1)° " (1-2) 
ie i oa 
x(1 —x) " (1-2) Vx 
sec x. 11. —tan %. 


1+sin x+cos % 


2(1+sin x)(1+cos x) 
yay | = sin x+cos x log x ; 
x % 
1 7 1 cos? y1-# 
————— 15. =e 
2 yix- a)(x%— b) JL=% 
. bes 

sec % 17. rest 
‘ n 2 
nx e . 19. — sin (4 log x) 
cos (log x) sin (log x) 21 2 

x NV a+x° 


(aii tan * 1+sec? x log (sin x) } 


cos’ x cos’x _log x | 
o % J1-x 


24. 


29. 


28. 
Zo. 


30. 


32. 
39. 


43. 


44, 
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a 
pl + a) * log (1 +a). 


Aa I log a if 

‘ 26. = wc 2 ; 
x log a x( log x) Bis log x 
_s ee 

x log x log 10 


(sin x«)* { log sin x + x cot x } 


sin x sin x 
{ cos # log x + ; 


+x 


log x 


1 | 
~, log a.a 31, ax? (1 ++ «log x). 


ee oe 
lt+x+ xi) 

93 / 
Quvwul + 3u°v’wo' + wow 


oy 
wo tog ut hf, 


(logiu )” { v’ log (logwa) 


os 2 >| 6 w ~~ hog x ‘ 
+ oes 5 ) 
(1 )%n! 27 be eer iy 
4 \iqcayt Ei ae 
Sees IT 
scos ( x + “*)+ 3nx' cos (x +n —- 1-9 
+ 8n(n—-1)xcos(x+n—25-) 


+n(n—-1)(n- 2) cos( x+n—-3 7). 


1 1 r. (y-1) 
e* | log # + nC — Co wate tO — 1)7,C-—, > 


x 
ek ae 


x 


292 


40. 


43. 
47. 


48. 


ay 


90. 
6. 
08, 
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EXAMPLES IX / 


x(a tha) + y(h§ + bn) = 1. | 
tan—! 1% 23. Max. = 36; min. = 43 
Min. = f(3) = — 12;f(1) is neither a max. nor a min. 
/2 —1. 3 26. Ja’+b’. 

If a>b, max. = a; min.= b. 

Max. = > J/3; min.= — J3. 

b-— 3d2.. b+d 

3c -—a 


If ad — be >0,- max. = 


Square. 
Rectangle of side / 2a, J/ 2b parallel to axes of ellipse. 
S/o 
4 ab 


P is the foot of the perpendicular from the midpoint of 
AB on the given line. 


Side on which semi-circle is drawn = = of a mile ; other 
: ] Tv 


side = y's of a mile. 


s[(a+b)— JVa’—ab+b*]* 


breadth = 4 ; depth = wa; 


3 /39ft. co ieg 9 Bae 
1 =— | = 
Max. =" €; min. = - oi e ; 


points of inflexion given by x=0, x= 4/3. 
a=1,5b=5, c=8. 

x=a-—b gives a max. and x= a+ba min value of y. 
a=1,5=0, 


1s 


manNoan = 
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EXAMPLES X 
(i) o4 ft. per sec ; (ii) 42 ft. per sec. per sec. 
160 a sq. ft, per sec. 


(i) 6 miles per min. ; (ii) 12 miles per min. 


(i) 4 ft. per sec. ; (ii) 8 ft. per sec. 
5 ft. per Sec. 10. 2% ft. per sec, 
paeee sors ft. per sec. approx. 
(i) 64°. 1077 cub. in. per Sec, 
(ii) 32 +. 10% sq. in. per sec. 
3-99 ft. per sec. 


14. 10-0033 approximately. 
0-87039 approximately. 


16. 2:606443 approximately. 


si eens RT 
2c. JA - BF 
I) EXAMPLES XI 
O58) - Goer 
Ja +5 8-32! tayo 424-2, ae ; 
| (F943 #48) V x. 
EA45 2: a ee = slat. 7 
F e+2) 35 L (ox+3)* (aco 


fi, 
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(aid) 4a (ebay: . -— = 
— a=1 / 

3 
a (x+1)=+2 (x+1)? / 
1 ( re 9 5 
=; 3, \arxTo) a 5 
1 


2 , bay 
aT IOLA 3 * +4 Po 


é - I 
2x8 + 6x" + Glog ko 


log x+x;x—-log (1+x); -x4log (1-2). — 
L+% 2 
2 log (l+x)-x; 5 ae 
el hz) x; logs log (x+2) +7 
“%—tan™x; x-2 tan™x; 3 log (x7+1). 
sin” x; log {x+ V(x’ -4).; log {xt J(?+9)}. 


2 tan (x +1)/2 ; 3 log (+ 2x%+5)—-4 tan (x+1)/2: 
x -% log (%’+2x%+5)—2 tan (x+1)/2. 


sin? (x-2)/3; log {a+3+ ./ (46x48) }. 
2 *\.. 2 
aN CS : : = {23/2 4 (4 — 1)3?}, 


—4 cos 2x; 3 sin 3 x. ' 
-%cosx, , sin ™s'/a’; tans’, 
1 7 Je+1-1 

--; ‘log ——_—_—-. 
—cos é*; x B * 

e 

x, ie 1 

tan 5° —cot 3) 2 log tan (x +-2/4.) 


=o * n\. 1 Xa 
Ty log tan (¥ +2 ): 3 log tan(F +7), 
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91. 3 (tan 'x:)° 4 (sin™!x )°, 
92. log tan’sx; log (sin™'x ). 
93. slow (e"—e™ ); log (log x). 


EXAMPLES XII 


1. 4x3logx— gx; 474 bs 1 : 
n+1 08 *— ate 
2. (2-4 )sin’ Lor = i vI-# — x’; sin typ 242 me — x? 
3. x tan ’x—-4 log (1+ ie +1) tan lx -4 x. 
4, =z ein (2x—tan7!2) ; (= - 5) sin 3x+32x cos 3 x. 


5. 2 tan x sec x+2 log tan( 5+ re: 
~4 cot x cosec x + log tan x/2. 


at+sin’x; x—sin’x. 


10 2 
4 sin’s ; 2 tan*x. 
4 tan’x —tan x+% ; —2 cot*x+cot x+%. 


6 
_—! 1 lees oy dee 
7, .— =cos 5¥—- > COS 4%; gin oe i0 2 5%. 
8 
9. 
10. 4 (3x—2sin 2+ sin dx) +4 (3x+2sin 2x+% sin 4x). 


11. 5 x (2 sin 2x—sin 4) + (4 cos 2x — cos 44). 
a Uaaeelo 
ae 7 07008 (24 tan7!2) 

12. : Je@-4-2 log {a+ J (2-4) $; 


We yet. Oh ae 
2 J/9-x + 5sin 3 
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13. d(x+2) Ja?+4x4+5+h log {x+24+ J (x? +4x45) J; 


1d, d(x +1) Sx? +2x—-3-2 log { xt+1+ J (¥+2x-3)}; 
4 (x—4) J (x—-3) (5-2) +4 sin? (¥-4). 

15. 4x2? J/x'+a'+4a' log {Pal (¢' +a") ic 
x2 Ja tao tha’ sin x3/a'. 

16. x- Jl—x' sintx; (x+1)"e%. 


EXAMPLES XIII 


1 S=2 1 = 5 1 "i ag | 
1. — | aaa os a a = a Sar ae 
QOS ey a tOk pare | OEM ag 
i, 2_ 2 é a a ~a 
4, 5 log (x a’). w 5. 4 +5 loge = 
ys  @¢ a 
6. 5 + 5 log (x? — a’), 7. > log (x? +2%4+2). 


8. x- + log (x?+2x+2)+tan™ (x+1). 


Keireatin§ SED Bie cg BEF I 
u: 9 er 73 tan 3 
10. log (7 +1+ Jx’+2x+3), 


Ll, Vx? 4224242 log (n+14 J 9+ 2x42), 
12. sin? (45) 3 


EXAMPLES XIV 


1 “1 er 
1. 2 log > é | . 2: Hog * 43). 


3. 4 log (x-1)+ log (x+2). 4. 4 log (x — 3) —3 log (x - 2) 
5. — 8 log (x +1) +2 log (x+3) -# log (x-+5). 


22. 


23. 


ANSWERS 


vy log (x +3) -—¢ log (x +1)+1'5 log (x —2). 
x+ log (x—1)- 'f log (x+3). 

1+x 1+x° 
1 Sale Rats 
} logs : 9. 4 log ae 


3.x —2x%+2 log (x+1)-log(x-1). 


% 
ext a) (a4) x-1 


log x (x—1)-= ; 


9. baie ly. ‘21, 
1 108 (x-—1)+ ni log (x +1)+ Ree 
By art al RE 51 
9 log (x—2)+ 9 log («-+1)+ eat 
A), AT) 1 Ks, 
4-8 e-1 2 ¢-1° 
ne Te Ge a ae eae 
6(%—-1)> “8 (k-1)* 8x-1. 16-8 
Gale Geetha 
5 gd at OE a 
(eT)? te Be ont 1 
1 peci We 
5 Og etl v3 8 
& log { (a? +1) (x +1) Vee tara ae 
iy A} xf 8: a 
1 | 4 et ae 
aoe p tan b q von a 
1 1 x 3 1 t 
gaa 5 tan x 
{ x t2ip2t : 
1 x 
= 3,31 +x’)? 24. 408 14x 


- 12. log (x-1 ane 
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] 3s l ia oe 1 eS a 
3s F log =] 3 tan™'X. 


2. = 


eo =. 1-1), Lt, 
B= 1) a8 2) 


af. ~x+vatan'( j5tanz ). 28. tan” ( % tan =). 


1 tan x/2+/5 Aj x 
° aa ° e t mae is 
29 Js log eee) 30. 4 tan € ans ) ’ 


SL; v2tan | ( J2-1) tan( * ar i 


~ 2 
32 tan(J3 tan x) 4 
" 6 ‘ or ae 
af 
ay sin x & 
aot, 528 ana a 
1944 e 
1. (i) -1 (ii) 2 4 
~~ is discontinuous when x=2n r—2/2 where 2 is an 
1+Sin x | 
integer 
2. (i) 0. ii) V (x?+2’). 
On oe afd: 


4, sin.x wW. (cos 2x) increases with x in (0, 5) aud de- : 


creases in (+ ; 7 ) - It has a maximum at x in= 7/6. 


5. (i) x log x-x. (ii) a | * a+ ; 
| where c=log a. 


(iii) 2{ sin J x— Vx cos W x}. 


6. 


ANSWERS 


log 3; ors Gi wa 
(i) 2 low 55 (i) Ss Gil om =; (ivy 2 
4 
1945 
convergent, Oscillating, Oscillating 


(i) 3; (ii) e; : (iti) > 


Oscillating, 


OQ= 5 kt, OR= = anf. (_ ~ 2kt, ~ Bhp) 
(i) (1+2)*{log (L+x) +/(14.) i. 
(ii) a hin (iii) - ~ (log a)/x(log ) 


(iv) ie (v)— 130 cos x°, 


(i) (1a) log (1+a sin x). 

(ii) 2x sin x+(2-22) cogs x. 

(iii) 2 log (x -1) +3 log (x2 +4) +4 tan“ (x/2), 
(iv) 4 e*{ sin 2x —cos 2x} 


(i) v3 saa ; (ii) 


2 a: Giiy 2? 2s (iv) -2; 
T 
Ws 7a 
4 miles 
1946 
| Dias) oe oe (ii) 1) (iii) a/b. 
2. Oe Nea 
2. W) Ten ae Eg ie 


(iii) e* (a sec bx tan cx+b sec bx tan bx tan cx 
+c sec bx sec’ cx) 


(iv) n [log {log (log x )}] "-/x log x log (log x). 
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2x sin x 


Tae —- -+cos x log a+z)} 


3, (i) dex) 4? 


A/T eee ex 
Gi) e > = St-2 (ii) =? tan 6. 


5. (i)  (tanzs3 )’. 

(ii) 4 sin”! **)- J9+8x-27 

(iii) Ys et (5+cos 2x+2sin 2x) 

(iv) sin? { (x-a)/a} ‘ 2 log (x -2) +log (x +1) 
6. (i) w/4 (ii) = 

(iii) 8/15 (iv) ee 

(v)-1+ log 3. 

1947 
~ (i)(a) No. (b) No. 
(ii) (a) 3/2 (b)3(/3-./2) 

2..-(t)3 (ii) cot x (log 10) 10!°¢ sin 


oy 


(iii ) 2e*:(cos 4x sin 2x- Qsin 4x sin 2x 


+cos4x cos2x ) 
x sin x sin x 2% 
(iv) Tags | 008 log « + ae es 
3. breadth = full height = 2s/(4 +7) 
5. (i)#% (ii) E secs re 
( iii ) 99 (iv) log (e*-e™*) (v) 2 log ‘;. 


6. 9/32. 
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1948 
i, tay ey 1, 2: 
24° (i) ~Ip 1 a2 : Gi) 2) lta —1 
(iii). { @ sin ( (bx+c)+5 cos (bx +c) } 
(iv) aro 1+log x } log 3. 
2:9999074 
Height of inscribed cone is 3 h. 
: 2 “Ae pee 
(i) 2 { x V+ ote log (x?+ J/x'+a‘); 
 (ii)es 5 ( iii ):3 sin 9= 4 sin°d — 46 cos*0; 
, a ze 2 , 
(iv) a a ag ore a } where c=log a. 
| i 3 | af | 
(v) 4 108 at 24° 
7. 18" + V2 -36 sin? 4 
— 1949 7 
1. (i) Continuous ; ( ii ) discontinuous. 
(i) 4.3 (i) 3-2". 
2. (0) (i) Vaucos x logsa, where w = goin! 
: 3 one pies 
Gi) sap) (iii) log (log x) + log x 
(iv) (sin?) (cos x "1 m cos”x—n sins ers 


3. (a) (i) Slope of the tangent; (ii) Slope of the 


normal ; (iii) Subnormal. 
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4. (b) P is the mid-point of BC. 
5. (b) (i) x tan x+log cos x; 
(ii) —4 cot?e+cot x + x; 

(iii) 2 Je —4x4+5tlog (x-2+ WV 32—4x45). 

(iv) «{ (logx)’-2log x+2 } 

(v) —# log (3 cos’x+2 sin’x ) 
6. (bs) (i) af{avg—-1}; (ii) a vE/12; (iii) #/4. 

1950 

(i) 2/(2-m*); (ii) -5; (iii) 0. 
(i) (®@—x—-1)/(1—2%) (1+27)8”; (ii) (e/180)cosx” 5 
(iii) (sinx )'"* {1+sec’ x log sin at; (iv) 2/(1+2°). 
(i) 10. 00002 ; (ii) 40772. 
(i) -1/ W(x2—2%4+3); (ii) 6 log (x-1) -20 log (x-2) 
+15 log (x—3) (iii). /2 tan™ { a (tan (x|2)+1) Bs 
(iv) 4|3 (v) log (9/8). 
2:4; 416V3/9. 
| 1951 


. f(x) is discoutinuous at «= 0. 


(i) 4; (ii) V2; (iii) 2. 
(i) -20(1+x'); Git) —Caxthyt+g)/(hatbytf); 
(iii) x*(1+ logx) + a®log a + ax*}, 


2a sin (a/2); 2a sin (a/2) tan (a/2); 
asina; 2a sin? (a/2) tan (a/2 ). 
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V3 b/9a. 


% = 1 |. 
(ii i) a lee oa tan™ 


( iii ) a sin™! J (sla) + V ( ax - 32), 
(iv) 2 cosec a tan { tan 4a tan bx } 
at+b re 
(1) sg5 M8 G5 Bb? ep ele? *Cat) Fe 
(iv) {tan (aelb) ~ tan (ajbe) } / ab 


1952 
(i); (ii)es  (ii)15-> Gy) 2 
wl ee? 5 3 
(a) GS Ge 1)? (2x syd| pon oo ee 


(ii) gues, 2x (2 tan 2x + cos x) 

( iii ) 4/(1+42*), : | 

(b) (1+?) (sin 2x+2x cos 2x ). 

7:99975. 

(i) log sin? (x/2) — x cot (x/2). 

(ii ) 4 log (sec’x + tan’x ). 

( iii) +s e** (3 sin 2x — 2 cos 2x). | 

(iv) — V{ (*-3) (7-x)} +2 sin { (x-5)/2 } 


=§ 2° ae 
> ay O85 9. 4 (xt2) 


(i) w/6; (ii) (log2 )/6; (iii) 23/9 ; 
(iv) (@/2)—-1; (v) 2/4. 
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1953 


1. (a) Function is continuous at x=1, and discontinuous 
at x=2 and x=3; the discontinuity at %*=2 can 


be removed. | 

(5) (1) 8; (ii) (@ BEd?) (ait) (3-2 D/A. 
2. (b) (i) —(2+1)(a- 241) | 

(ii) (1+sin x+cos x )/2 (1+sinx) (1+cos x) 


(2245) po tog (+1) 
+2x (2%+5)/(++1)} 


(iti) (4?+1) 


(iv) 3sinxcos x (asinx—b cos x )/2 V(asin** +b cos*x) 
3. (a) a=2, b= —-7. 
4. (b) 75.3 sq. in. 
5. (b) (i) $(a°-1) log (xt1) - 4 (a?-2z). 
(ii) xy (a&—2x°)+4 a sin? (x/a)’. 
Caer ae 
xtl 
(iv) V(22+2x+2) +2 log { (ath) +2424 42) }. 


(iii) 2 log (x-1)4+4 log (+1) +3 


6. (a) (i) 4 — tan? (3); Ci) 


( iii ) sin sib: (iv) —(m +2 )/18 
(6) 32/3: | 


APPENDIX 
1° Rolle’s Theorem 


If (i) f (x) is a continuous function fora<x<b. 
(it) f’ (x) exists and is unique for a <x <b: 


and (iii) f (a) = =f (b) =0, | 
then f'(x)=0 for at least one value of x lying between 
aand b, 
As f (a) =0 and f (b) =0. 
either (1) f (x) = 0 for all values of x in (a, b) 


or. (2) f(x) must be positive or negative in some parts 
of the interval (a, b). 


"Tn case (1) f (*)=0 for all. x in (a<n<b); and 
hence the theorem is true. 


In case (2) suppose f (x) is positive in a part of the 
integral; then f (x) must have a maximum at some point 
x = € in the interval ; and at this point f’ (x)=0 (see § 26); 
i.e. f’ (&€)=0 where a<€&<b. 

Similarly, if f (x) is negative in a part of the interval 
f(x) must have a maximum at Some point in the interval ; 
and at this point f (a) =0. 

Hence the theorem. 


Cor. The theorem above is still true if ‘condition 
(iii) is replaced by (iii) f (a) =f (6). 

For, Jet f (a) =f (6) =k; consider a function ¢ such 
that $ (x)=f («)—; so that § (a)=$ (b)=0; 4 (x) 
satisfies all the “onditions of the theorem; hence 4 neve 0 
for at least one value of x in (a, 0); but ¢/ (x)=f’ (x) 
”. f’ (%) =0 for some value of x in (a, b). 
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2° Mean value Theorem 


If (i) f (*) és continuous in the interval a<ix<b, 
and (ii) f’ (x) exist and is unique in the interval 
a<x<b, then there is a valu2 & of x between a and b 
such that 


re) f(b) -fla), 
f' §)= b-a ; 


Consider the function ¢ («) =f (« )- x. 

Determine the constant k so as to make ¢ (a )=¢ (db) 
ie. f(a)—ka=f (b) - 
ie. hk (b-a)=f ®-f@) 


» =I 6b) — (a) (b) — (a). 
b-a 
Now ¢ (x) satisfies all the conditions of Rolle’s Theorem ; 
hence there is a value in (a, 6) such that ¢’ (§)=0 


ie. f' (§)- 


ie. f' (G)=k= os 8A = fla) which proves the 


theorem. | 


Geometrically, the theorem 
states that if the curve APB 
has a tangent at all points 
on it between A and B, there 
must be a point C, between A 
and B, where the tangent is 
x parallel to the chord AB- 
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For, f’ (E) is the slope of the tangent at Cc { € ll (€) ; 


and f(d) — f(a) __ RB “A , 
b-a  - AR tan RAB =slope of chord AB. 


Cor. 1. If the interval is (a,at+h), a point in the 


interval can be denoted by a+ 6h where 0<0<1; and 
_ we have by the mean value theorem 


Af (ath)—-f (a). 
“at hra =f (a+ 0h) 


or f (a+h)=f (a)+hf' (a+6h) where 0<0<1. » 


Cor. 2. If f’ (x)=0 throughout the interval a<x<b 
then f (x) is constant in the same interval. 


For, if f (*) is not-constant, there is a value say c of x 
such that f (c)-4f (a) where a< c< 5. | 


\ 


Now there is a point € in (a, c) such that 


j' (€) = f (c) -f (a) 


(ca) by the mean value theorem. 
i. e. f’ (E)0 for some € in (a, B) ; - 
but this is against the hypothesis. 


f(x) must be constant throughout the interval. 
[see § 30-2 where this result is assumed.] 


Cor. 3. Iff(x) is continuous in the intervalacx<p 
and f’ (x) exists and is>0 in @<x*x<b6 but not always 
equal to zero in the interval, then f(b) > f(a). 


~ 
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For, by the mean value theorem, if x 1s any point in 
a<x<b 


f wat (x) = / (€,)>>0 where x<&<0 
x 

aii f(x)—f (a) = f’ (€,)>>0 where a<&2<x 
x—a 


nef (b) Sf) Sf (a). 
If f(b)=f (a), then f(b) =f(«)=f(a@) i. e., the function | 


is constant. in the interval, and f’ (x)=0 throughout the 
interval ; but this is against the hypothesis. 


AS (b)#S(a) Af(b)>F (a). 


3° Hyperbolic Functions 


We define the hyperbolic functions thus:— - 


7 e roe er. 
sinh % = : 
2 
e* + e-* 
cosh x = ; 
| 2 
sinh x 
tanh x = ——" et 
-  coshx < 


The student can verify the following: Properties of 
these functions, which are analogous to those of circular 
functions :+~— 


sinh (- x)= — sinh %; cosh (- x) = Cosh x: 
tanh (- x) = — tanh x- 
cosh’* — sinh’x = 1:  sech’y = 1 — tanh?x - 
cosech?x = 


coth’x — 1, 


———> er 
TET ee es 

: ae a i ‘ 

a 
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sinh (x+y )=sinh x cosh y+cosh x sinh y; 
cosh (*+y)=cosh x cosh y+sinh x sinh y; 
tanh (++) = (tanh x+tanh y)(1+tanh x tanh y), etc. 


We have again : 
d . = x 4 . oe 
dx (sinh x) qn? (e 


pal -, 4. é 
| 1. @. dy (Sinh x) cosh x; 


“*)=4 (e+6*) =cosh x 


similarly ¢ (cosh x) = sinh x: 
iP (tanh x ) =sech?x : etc, 


The Inverse hyperbolic functions can be also defined : 
y=sinh"x if x=sinh y:etc. ° 


These inverse function 
mic functions ; for, 


S can also be expressed as logarith- 
if y = sinh7ly, | 
then +=sinh y=4 (Ee) =2 (g- 1/e’) 
“. 2% =e%~1; or ce — 2x0 -1 =0. 
Solving for e’, we get 2= 4 J/14+;’; 


but e” is+ ve for all real values of y, 


hence only the upper 
sign is admissible. Hence 


C=4e+ J/l +2 
“so YS log (4+ J1 +2), 


4.€. sinh™y = log (w+ J1 txt) 
E. Cc. 1] 
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The student can similarly show that 


cosh™!x = log (x Jv -1)  x>1; 


+ 
tanh'x = 2 i [-*.] <"1. 


and 


The derivatives of these functions are given by 


a ; —1l i. 1 bs 

aq (Sin x ) vers 
a ae me af 1 ‘ 
no oie ye AM 
a =I = 1 e 

Tat tanh . ) 3 


The oe spona ue results in integration are 


x 
= sinh —, 
ee eee +5" a 
ax 2 ; aa 
J ee cosh Ps: 
iI 
a oe a " =fanh™ 
aos — x? a a 


The close analogy of these with the results 


SS 5 = sin 7 and aoe |G tan dk 
should be age | 


4° A note on Power Series. 


: ~ 4° Let uot, toeee++-be any numbers arranged in 
order so as to form a seqiiaticé such that zn generally 
| " depends on n; and let Sp denote the sum of the first 7 
a‘ terms ; 5 ts @s 


Sr BTA a veccse scenes sinew ome tee Hee + un-1 nat 1 ) 


If each term is followed by another, SO ua there is 


Sum of the series. - 


An important test of eis of an infinite series 


is the ratio test: If lim tunii/ un=k, then the series is 
a : n> 


ms 
fee 


Convergent when |\k|<1. 
A series of the type 


1 dept aye-baet Hiv. bsieting Ah i entdeece nes sinkedoum he) 
BETO Og, Wik swssvecsslpite <bean are constants, is said to bea, 
be ower series. Such a series may converge 


(j i) for all values of x, 
or (ii) for some values ob %; 
or (iii)--for o value of Ps (except 0 ). 
If lim dn4i/dn = 1, then 


NFO 
A Unt a 
lim n+ = lim Sh = Ix: 
" An 


nN >o A>w: 


Editor's Note: The pages from here were moderately damaged, so a few pages might be incomplete from here. 
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and the power series is convergent if | /x | <1, 


1. €. if <P assuming that 1/0, (If / = 


the series converges for all values of x ). 


2°. In calculus there is no difficulty in applying the 
processes of differentiation and integration to a series so 
long as the number of terms in it is finite; but in the case 
of infinite series we anticipate some difficulty. The impor- 
tant thing to note is that differentiation and integration, 
of a power series term by term can be justified for all 
values of x in an interval which lies entirely within the 
range of convergence ; e.g. the series : 


Ela) aS at aan, ia (3) 


is known to converge for all values of x; hence differentia- 


ae ee ia 
ting term by term,as at = = (DD! ’ 
we hvae 
Dru 
¢ G5 I )= 041+ 24% tay 3p he ee eenseecees : 
=E (x). 


In fact the series represents the function e* whose derivative: 
is equal itself. 
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3 > x m) 
x 31 si AG. _ 71 Ol PPPTT eT (4) 
Ow (5) 


mose=1— oy tar er” Br 
= 
fiso convergent for all values of x. The student should 
that if one of these series is known, the other could 


tained by term by term differentiation. 


very: important series is the Binomial expansion of 
»)™ for any rational value of m viz. 


. 


4 Mm mm—1) 
+t 2) = 1+ Tike + ar se ree ee 
mens Doses = BA abe tee ieuneyet (6) 


3 4 
loge (l+x)=%*- #4 tae - a Sy ae (7) 


his converges for — 1< <1. It could be differentiated 


Ely within this range. 
his series can be obtained by integrating 


ik eh =: , 
ity (14d)7=1-t+f-#t+........ 5 geass 


“fh is convergent for |¢ I<1 between the limits 0 and 
here lx|<1, 
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Examples 
(1) If|x«|<1, show by integrating 
(142 )PH1-P +h BT. 


3 5 1 
that tan re oe ai a eee 
7 3 t 5 7 


(2) If|x|<1,show that _ 
5 Py * 


caihe Taig e SO Me ee 
lege y oa a tng EF + 
by the Binomial Theo} 


(3) If\{t|<1, we have 
189 yey Pe 


\-3 13 4 
(ify b=148e + 24! T 246 
Show by integrating that if |x| <1, 
1 13 8 {135 #4 
9467 01°F 


e =] a. ie fee, are ee ME 
sin” «+ 93 +34 5 
(4) Assuming that the series in Ex: (1) for tan™: 
valid for x = 1, show that 
Ng ab hie ate 
rt =] 3 + 5 q + Me caus : 
this a value of « correct to 3. pl: 


calculate from 


of decimals. 
Similarly putting ~=3. 
Ex. (3) obtain a value of « correc 
(5) Show by repeated differentiation of 


in the series for sin x 
t to 3 places of decimals 


(ltx)yP=l-st et 
that (1-+x)"=1- ma + mnt) 2 - mon + ne £2) 2 
| where |«| 


+ icnmeceenes 
— 
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We collect here for ready reference some important 
“series : 


x x 2X 
welts tot a tat ee. Oe eee See en for all x 
ag Pe ey 
sin x=%Xx = 5! 7 Cem CeO Coe resrece gos CEC LCEE EE CER 9 
jhe ngdh 
; Ft _* 
{ COS x= 1 2! +5 gl COBCeCesreeersecet ores 99% seen @eece 5} 
foe Gi Vega pe OE ee a ~1<x<1 
2° 3 a4 
Pe x x! 
— o watt oo Se@veevoeeavnseseeseveeeceeeesveeseee —1<*<1 
tan lx =x 3 +5 at 
1x 1:3.% 1-3-5 x! 
sgn Mien ice! Becton a AY Se NA for | x | <1 
sin—x = 415 3 +545 tod 7 
mM 


for | x | <1 


we 
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Abscissa, 20 ; 
Absolute value, 17 ' 
Acceleration : 

angular, 133 

linear, 48 
Angle between two curves, 106 
Approximations, 141 
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Definition of, 203 

Derivative of, 209 

as an integral, 208 

sign of, 216: 
Argument of a function, 5 
Asymptote, 12 
Constant : 

arbitrary, 149 

definition of, 4. . 

derivative of, 48 3 
Continuity at a point, 34 

Pa in an interval, 36 

Co-ordinates : 

cartesian, 9 

polar, 13- 
Corrections, small, 141 
Definite integral, 209 . 

as limit of a sum, 211 
Derivative : 


Definition of, 40 
geometrical meaning of, 44 
higher, 92 

notations for, 41 


ier le 


Derivative —( continued ) 
sign of, 107 
of composite functions, 61 
of implicit functions, 75 
of inverse functions, 75 
Differentials, 138 


Differential coefficient, 41 
(see derivative ) 

Differentiation, 41 J ay 
logarithmic, 89 
rules of, 52 

Exponential functions : 


derivative of, 87 
graph of, 86 


’ Function: 


definition of, 5 

graphical representation of, 9 
inverse, 68 

many valued, 6 

notation for, 7 

periodic, 8 

single-valued, 7 


‘Hyperbolic functions, 309 


Increment, 40 
Incrementary ratio, 40 
Infinity, tending to, 16, 31 
Initiai line, 13 


Integral ; 
definition, of, 148 
definite, 209 
Indefinite, 149 
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Integral — ( continucd ) 
infinite, 230 
Integrand, 148 
Integration ; 
approximate, 237 
definition of, 148 
by change of variable, 152 
by partial fractions, 179 
by parts, 164 
by successive reduction, 196 
of irrational functions, 199 
Interval of a variable, 4 
Leibniz’s theorem, 96 
Limit: « 
definition of, 20, 21 
’ fundamental theorems on, 25 
Logarithmic function, 82, 85 
- differentiation, 89 
Maxima and Minima, 111 
Mechanics, application to, 46, 242 
Normal : . 
Definition of, 101 
length of, 103 
Number : 
‘e, 83 
irrational, 2 
rational, 1 
real, 3 
Ordinate, 10 
Origin of coordinates, 9 
Partial fractions, 179 
Points of inflexion, 11, 116 


L 
7 ces. 


INDEX 


_ Polar co-ordinates, 13 


Power series, 312 
Rates 46, 133, 249 
Reduction formulae, 196, 234 
Real number, 3 

,, variable, 4 
Rectification of'curves, 254 
Repeated differentiation, 92 
Sequence, 16 
Simple harmonic motion, 134 
Simpson’s rule, 239 
Stationary values, 116 
Sub-normal, 102 
Sub-tangent, 102 
Tangent : 

definition of, 23 

length of, 102 
Trapezoidal rule, 239 
Trigonometric functions : 

direct, 12 

inverse, 68 
Turning value, 116 © 
Variable : 

definition of, 4. 

dependent, 5 

independent, 5 
Velocity : 

angular, 133 

linear, 47 

mean, 247 
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